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X = (X1, Xa, ..., Xo)| X2

d
= > x2E|xP)
i=1
= E[X}] + E[X3] + ... + E[X]]
=|X| 0(Vd)
1 Strong Law of Large Numbers (SLLN)

n points P[—O(vd)—> €< Yol

ne?

If we chose two points among n points, what kind of configuration will they
have on average?

v -z =>"|vi - Z*E[Y - Z?]
= E[)_|Vi— Zi|?]

EO) (Y + Y +2Yi x Z;)

K2

=d+d=2d
E[Y? =d
E[Z% =d

2 Volume/Area of Unit Ball in d-dimensions

% represents the unit ball. In case of having a ball with radius r, the ratio
V(r)
A(r)

r1=1 \/1,96%,.“,1372 \/171%7‘“71’371
V(d) :/ / / drgdrg_1...dx1 (1)
T1=-1 7\/171%7“.7ng2

e R

becomes
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When d=2, d27y¢1dy

2m 1
/ dQ/ ydy=m (2)
0 0

1
V(d):/s d(l/o 7d*1d7:$ (3)

I(d) = / / / ei(x?+z§+m+mi)dl‘1dl‘2 NN dﬂ?d

= (/Oo e””zdm>d (4)

=

_ pd/2

2.1 Spherical Coordinates

= S 2(HA(d)
Then,
-
2
and ,
T2
Vid) = 3 (6)
2

2

Theorem 1. Given ¢ > 1 and d > 3, at least 1 — @ fraction of the volume
C

of d-dimensional unit ball has | X;| < i

2

Vol(U/A) upper bound of Vol(U/A) __ 2e 2
Vol(U) — 1lower bound of Vol(U) c

How to find an upper bound on Vol(A)?
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X1

“V@-1

the volume of this part:
Surface Area x height

Vol(UJA) = V(d—1) /1 (1—2%)"T dry

1
—1 1
<V(d-1) VA=l eyt
Va1 ¢
-1 -1 [ —(a-1)a}
cd=Dvd-1 / oo g
C \/drj
S d-1
Vol(d—1) ¢
Vol(U/A) < e2 (7
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Then the volume is lower bound on U

(1 - d;) %V(d — ) dl_ 1 (8)

Consider the formula (1 — az)< (1 — z)?, a> 1

Replace a = d=1 and x=

5 then (8) becomes

_1
d—1°

(5 () - Y

Theorem 2. N points Xi,..., Xy from d-dimensional unit ball with probability
1-0(3)

n

1. e |[Xj|>1— 2N | ply;| < 1 — 2] < o=d25 < omed

o
N"m

2. o |X; - X;| < Vj%v, P[|IXi| > =] < N

Take N points, among all these points, there are (g) pairs
X;— "North X; — X; (X; projected on X;)

Projection larger than YS™N has order O(A}J> and D((g)l) =0(%)

3 Chernoff Bounds

(Sums of Poisson Trials,Extension of Tcheybshev Bounds) X is a random
variable and t is given. Then Moment Generating Function El[e!X] = Mx(t)

and M%(0) = E[X"]
From Markov Inequality,

t>0, P[X >a] = P[e!X > ' < mingso—

EletX
eta

t<0, P[X < a] < ming<g

3.1 Poisson Trials

lwpp;

X1, Xs,..., XNy are independent and X;=
Owp(1 — pi)

X="N, Xi, u=E[X]=N b
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MXz' (t) = E[etXi]
= pie’ + (1 —p;)e’
— 1t pilel — 1) < (')

(14a)<er

Then, equation (10)

N
E[etX,;]N S Hepi(et—l)
i=1

_ N pi(et-1)

— eile'=1)

Result:

ed
6>0,PIX > (1+0)p] < [(1+5)1+5}

(13)



