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−→
X = (X1, X2, ..., Xd)|X|2

=

d∑
i=1

Xi
2E[|X|2]

= E[X2
1 ] + E[X2

2 ] + ...+ E[X2
d ]

= |X| O(
√
d)

1 Strong Law of Large Numbers (SLLN)

n points P[—-O(
√
d)—≥ ε]≤ V ar(X)

nε2

If we chose two points among n points, what kind of configuration will they
have on average?

|Y − Z|2 =
∑
i

|Yi − Zi|2E[|Y − Z|2]

= E[
∑
i

|Yi − Zi|2]

= E(
∑
i

(Yi
2 + Yi

2 + 2Yi × Zi)

= d+ d = 2d

E[Y 2] = d

E[Z2] = d

2 Volume/Area of Unit Ball in d-dimensions

V (d)
A(d) represents the unit ball. In case of having a ball with radius r, the ratio

becomes V (r)
A(r)

V (d) =

∫ x1=1

x1=−1
...

∫ √1−x2
1−...−x2

d−2

−
√

1−x2
1−...−x2

d−2

∫ √1−x2
1−...−x2

d−1

−
√

1−x2
1−...−x2

d−1

dxddxd−1...dx1 (1)
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When d=2, dΩγd−1dγ ∫ 2π

0

dΩ

∫ 1

0

γdγ = π (2)

V (d) =

∫
Sd

dΩ

∫ 1

0

γd−1dγ =
A(d)

d
(3)

I(d) =

∫ ∞
−∞

∫ ∞
−∞

...

∫ ∞
−∞

e−(x
2
1+x

2
2+···+x

2
d)dx1dx2 . . . dxd

=

(∫ ∞
−∞

e−x
2

dx

)d
=
√
π
d

= πd/2

(4)

2.1 Spherical Coordinates

I(d) =

∫
Sd

dΩ

∫ ∞
0

e−γ
2

γd−1dγ

= A(d)

∫ −∞
0

e−γ
2

γd−1dγ

= A(d)

∫ ∞
0

e−tt
d−1
2
t−

1
2

2
dt

= A(d)

∫ ∞
0

e−tt
d
2−1

=
1

2
Ω(d2)A(d)

Then,

A(d) =
π

d
2

Γ ( d
2 )

2

(5)

and

V (d) =
π

d
2

d×Γ ( d
2 )

2

(6)

Theorem 1. Given c ≥ 1 and d ≥ 3, at least 1− 2e
−c2

2

c fraction of the volume
of d-dimensional unit ball has |X1| ≤ c√

d−1

V ol(U/A)
V ol(U) ≤

upper bound of Vol(U/A)
lower bound of Vol(U)

≈ 2e
−c2

2

c

How to find an upper bound on Vol(A)?
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V ol(U/A) = V (d− 1)

∫ 1

c√
d−1

(1− x21)
d−1
2 dx1

≤ V (d− 1)

∫ 1

c√
d−1

x1
√
d− 1

c
(1− x21)

d−1
2 dx1

≤ (d− 1)
√
d− 1

c

∫ ∞
c√
d−1

x1e
−(d−1)x2

1
2 dx1

=
e
−c2

2

d− 1

V ol(U/A) ≤ V ol(d− 1)

c
√
d− 1

e
−c2

2 (7)
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Then the volume is lower bound on U(
1− 1

d− 1

) d−1
2

V (d− 1)
1√
d− 1

(8)

Consider the formula (1− ax)≤ (1− x)a, a≥ 1

Replace a = d−1
2 and x= 1

d−1, then (8) becomes

1−
(
d− 1

2

)
×
(

1

d− 1

)
=

1

2
(9)

Theorem 2. N points X1, ..., XN from d-dimensional unit ball with probability

1−O( 1
n )

1. • |Xi| ≥ 1− 2lnN
d , P [|Xi| < 1− 2lnN

d ] ≤ e−d 2lnN
d ≤ e−εd

2. • |Xi −Xj | ≤
√
6lnN√
d−1 , P [|Xi| > c√

d−1 ] ≤ 2e−
c2

2

c

Take N points, among all these points, there are
(
N
2

)
pairs

Xi- "North Xj → Xi (Xj projected on Xi)

Projection larger than
√
6lnN
d−1 has order O

(
1
N3

)
and O

((
N
2

)
1
N3

)
= O( 1

N )

3 Chernoff Bounds

(Sums of Poisson Trials,Extension of Tcheybshev Bounds) X is a random

variable and t is given. Then Moment Generating Function E[etX ] = MX(t)
and Mn

X(0) = E[Xn]

From Markov Inequality,

t>0, P [X ≥ a] = P [etX ≥ eta] ≤ mint>0
E[etX ]

eta

t<0, P [X ≤ a] ≤ mint<0
E[etX ]

eta

3.1 Poisson Trials

X1, X2, ..., XN are independent and Xi=

{
1wppi

0wp(1− pi)
X=
∑N
i=1Xi, µ = E[X] =

∑N
i=1 bi

MX(t) = E[etX ] =

(
E[etXi ]

)N
(10)
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MXi(t) = E[etXi ]

= pie
t + (1− pi)e0

= 1 + pi(e
t − 1) ≤ epi(e

t−1)︸ ︷︷ ︸
(1+x)≤ex

(11)

Then, equation (10)

E[etXi ]N ≤
N∏
i=1

epi(e
t−1)

= e
∑N

i=1 pi(e
t−1)

= eµ(e
t−1)

(12)

Result:

δ > 0, P [X ≥ (1 + δ)µ] ≤
[

eδ

(1 + δ)1+δ

]
(13)


