SiXd : Space of d-dimensional positive semi-definite matrices.

Sl =Ly e RY: |||]2 = 1}.

X is a d-dimensional zero-mean random vector with covariance matrix X € SiXd.
Wlog, we assume 71 (X) > 72(X) > -+ > 74(X) > 0.

PCA : Along which v € S9! is the variance of (v, X) maximised ? — First Principal Component
Direction
v* = argmax,cge1 Var{(v, X)] Z argmax, cge1 B [(v, X)?] Z arg max, c ga—1{v, 20).

Hence, the top r < d principal components are formed by the orthonormal matrix V € R%*" such that V =

Ty (2] — 2
Arg Maxy cpaxr.y orthonormal & [||V7 X[3] = argmaxy cgacr.v orthonormal Y1 E [(vj, X)?] where {1, ...

are the orthonormal columns of V.

What we have is a finite collection of samples {x;}_; each i.i.d. drawn from an (unknown) underlying
zero-mean distribution P.

The sample covariance matrix »= % Z?:l T; R T;.
So, effectively using “plug-in” principle, we replace the unknown X with the known 3 and solve problems
like 0 = arg max, ¢ ga—1 (v, Xv).

Key Question: How are the eigenstructures of ¥ and 3 related i.e. when do the second one provide a
“good” approximation to the first one ?

PCA as Matrix Approximation:

— Given some unitariy invariant matrix norm ||| - |||, the problem of finding the best rank-r approxi-
mation to ¥ is to find Z* = argmin 1) <, /I1% — Z|||2.

— Eckart-Young-Minsky (EYM) Theorem: For any symmetric matrix (X is so), Z* above exists and
takes the following form of truncated eigendecomposition in terms of top r eigenvectors i.e. Z* =

> 7i(X)v; ® v; where {v1,...,v4} are the orthonormal eigenbasis of X.
— Note that EYM Theorem is a generalisation of SVD Theorem in that for SVD ||| ||| = || - ||r. Why
?

— Hence the error for || - ||p is || Z* — 2||p = /30, .1 72(0).

PCA as Data Compression:

— Given a zero-mean random vector X € R? with covariance matrix ¥, a simple way to compress it
is to project it to a lower-dimensional subspace V' via a projection operator Iy (+).

— Given a fixed dimension r < d, the criterion might be the choice V* € arg min gy, iy, E 11X = Iy (X)] 3]

=r
as the optimal subspace need not be unique.

— Note that Iy (+) wef V, ® V,. where V,. € R?X" is an orthonormal matrix with columns {vy,...,v,}

of eigenvetors corresponding to the top r eigenvalues v1(X) > -+ > ~,.(X).

— Using this optimal projection, the reconstruction error as defined above ased on this r-rank projec-
tion is F [||X — HV*(X)||§] =72.,(%).

Eigenstructure Perturbation:

— Given a symmetric matrix R, how does its eigenstructure relate to the perturbed matrix Q = R+ P
where P is a symmetric matrix of perturbation ?



— For change in eigenvalues, we have
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7?7
71(@) = maXUGSd_1<’U7 (R + P)U> < maxvesd-1<v,Rv> + max,ecga-1 <U7PU> < Vl(R) + ||P||2

— With @ and R role-reversed similar results hold implying |v1(Q) — v(R)| < ||P||2 = ||Q — R||2-
(@) =% (R) < [|Q — Rll2 .

— Weyl’s Inequality: As we know, in general, max;—12 . 4
— Sensitivity of Eigenvectors:

. . . . . . d
* Given a perturbation parameter € € [0, 1], consider the family of symmetric matrices Q. ef

1 € 1 0 0 1

* What is ||P]|2 ?
* Hence, the magnitude of the perturbation is controlled only by e.
* Putting a = 1.01, we have v(Qo) € {1,a} and

1(@) € {5 [a+ )+ V- 17 748] L [(@+ 1) - Va7 T 4.

* Thus we find that max;—; 2|v;(Qo) — v;(Qe)| Z i [(a —1)=+/(a—1)2+ 462} < e validating
Weyl’s Inequality and showing stability of eigenvalues under perturbations.

x For e = 0, Qo has the unique maximal eigenvector vy = ((1)>

* Now if we set € only slightly higher than 0 namely € = 0.01, then the maximal eigenvector v, of
77 . . . . e . .

Q. is v & (8 gg) implying ||vg — ve||2 >> € showing extreme sensitivity of eigenvectors under
perturbations.

* What is the problem here ? Look at the eigengap v = v1(Qq) — 72(Qo) !!

* Small eigengap implies “mixing” of the eigenspaces corresponding to the top and second eigen-
values under even a small perturbation of the matrix which does not happen when eigengap is
large guaranteeing stability.

Again, given ¥ with +;(X)’s as before let us assume that the maximal eigenvector 6* € R? is unique.

Consider the perturbation S =%+ P.

Note, in our case, ¥ is the (unknown) population covariance and S is the (known) sample covariance
but the results are far more generic than just for our case.

Important: As just above, we shall need to deal with the eigengap v = 71 (2) — 72(X) > 0 (assumed in
our case).
Given the orthonormal eigenmatrix U of ¥ let us define the transformed perturbation matrix P def

! gt !
UTPU = (p; g ) where 1, € Ry, p € R and Py, € RA-Dx(d=1),
22

Theorem: Given ¥ € SiXd with a maximum eigenvector * € S9~1 and eigengap v = 71 (X) — 12(2) > 0

. Lond . . .
and any P € §9?¢ with [|P||; < %, the perturbed matrix % ) S ¢ Phasa unique maximal eigenvector

) ) * 2||p
0 such that [|0 — 6*|]2 < %.

— Note that this bound is sharp as there are situations when || P||]z < § cannot be loosened. Consider
¥ = diag{2,1}.Given P = diag{+1}.



— Proof:
« Define the error vector A “ § — 6* and the function U(A, P) &f (A, P(A+26%)).
* Given any subset C' C S9! let 0* = arg maxccga—1 (0, £0) and 0 = arg maxcega1(0,36).
s Our choice involves C' = S and define ¢ = (0, 0*).
* Also, 0 z 00" + /1 — 022, RY > 216",
* PCA Basic Inequality: Given a matrix ¥ with eigengap v > 0, A is bounded as v (1 — (0, 9*)2) <
[¥(A, P)].
* Proof of PCA Basic Inequality:
A S SO
- 0%, 30%) < (6,%0).
- Hence, when P = 32—, we have ((%,0*®60* —0®60)) < —((P,0*@0* —0®8)) z —U(A, P).
- Define I' = ¥ — 7, (X)0* ® 0.
- Consequently,
(2,000 —020) =yn(E){0"20%0°260" —020))+ ([0 26" —00))
27
=(1-0)(m®) - (z®2).

?7?
- Also, [{({T, z ® 2))| < 72(X%).
- Hence we have ((£,6* ® 0* —§ ©8)) > v(1 - 0*) Z v (1 - <é,9*>2) < |W(A, P)|.
 To continue, we get (A, P) = (UTA, PUT (A + 26*)) since P = UPUT.

% Note that UT6* z er.
* Defining Uy as the sub-matrix formed by the smaller d — 1 eigenvectors and z = Ul z € RI~1,

we can write UTA = (o _21); -
(1-0%)22
* Thus we have
VAP)  =(0e— 1% +2(0— V102 5) + (1 - 0°)(Z, PaZ) +2(0 — Dpu + 2V/1 - 0*(2, )
= (¢* = Dpu +20V1 = 02(Z,5) + (1 = 0°)(, Pra2).
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x Since ||Z|]2 < 1 and |p11| < ||P]]2, we have 1/(1—@2) < WA, P) £ 201 — )| P> +
20\/1— | |pl2-
ool
* Now v > 2||P||2 = m < u—QJ;fIUﬁQ'
??
. N ~ .. 2 ~

* Since ||All2 = v/2(1 — p), we conclude that ||A]|2 < Vﬁ!ﬁ'}'fl‘?.

e Application to PCA for Spiked Covariance Matrices:

— Consider n i.i.d. samples {z;}¢ ; from a zero-mean random d-dimesnional vector with covariance
X

— Given any v > 0, a sample data point z; € R? from a Spiked Covariance Ensemble is of the form:

xT; 4 VVED* 4+ w; where &; is a zero-mean r.v. with unit variance, & Lw; € R? is zero-mean random
vector with identity covariance implying that ¥ = v0* ® 0* + I;x4.

— What is the maximal eigenvector of ¥ ? Is it unique ? What is the corresponding eigenvalue ~; (3)
? What is the eigengap 7

— We say that x; is sub-Gaussian if both & and w; are sub-Gaussian with parameter at most one.



— Corollary of Theorem above: Given n > d i.i.d. sub-Gaussian samples {z;}? ; from the spiked en-
semble as above, let it hold that 4/ ”H \[ < 128 Then there exists an unique maximal eigenvector

6 of 3 such that
R 1 /d
||e—e*||2<c0\/”t\f+a
v n
— Proof:

x Let, as usual, P=3% — ¥ and @ def LS G
* Then we can write P z P; + P, + P; where

1 n
P=v|=) &g-1|020
1 V(n gz > [ 9

—c i 5,v6?
> 1 — ¢ canmin{vdy Yoo>o.

i=1

Po=Vv(o®0"+0"2w),
1 n

Py = Ezwi@@wi—fdxw
=1
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x Thus we have that ||P]|s < V‘%Zz 152 1|+ 207 + || 1 Zz Lwi ® w; — Taseallo.
* Claim: For 61 >0, P[|23" &2 —1|> 6] < 9p—canmin{61,63}

* Claim: For 6o >0, P |:|U~)|2 > 2\/%4’ 62:| < 26*62nmin{52,5§}_

* Claim: For d3 > 0, P |:|71L Z?:l w; @ w; — IdXdHQ > 63\/g—|- 53:| < 23*C2nmin{53,5g}.

+ We have j 2 UF Pg* and U6 £ 0
« Hence, p = fUQTu?—i—lZZL L U wi(w;, 0%).
« Note [|UF'a]; < ||w||2 and || S0, UFwiwi, 0%)]2 < |12 557w, © w; — Losallo.

* Thus we have ||p]|2 < V0] + [Hl ZZ 1w @ w; — Igxaqlla-

+ Define ¢(1, 62, 65) def 9¢—c2nmin{d1,67} 4 9o—conmin{62,03} | 9, —canmin{ds,63} 1o the probability

that at least one of the above bounds is violated.
* Now using the above inequality bound on ||P||2 and the corresponding probability bounds as
given above with & = 5,02 = 77,05 = 2 €(0,1) we have
oL 2 0Y.
4’ 3\/v’ 16

Pl < —=+1
1Pl € 216y D

)
(473%@)7 V5 € (0, ). Why ?

77
x Also, with previous choices of (01, d2,03), P {|p||2 < 44/ d(l;:rl) + (5} >1—¢ (i

* The result follows. How ?

1
167

* Hence P [||P|lz < %] >1—

4)

a\&



