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Lecture Notes 8 

Network Optimization 
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Flows and Paths 
  Arc flows:  an arc flow x is a vector x satisfying 

 b(i) = Σj  xij   - Σk  xki  

 xij is the amount of flow from node i to node j 
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Shortest Paths 

  Single Pair Shortest Path Problem 

  Single Source Shortest Path Problem 

  All-Pairs Shortest Path Problem 

Length of (directed) path=total cost of arcs on this path 
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Find the shortest path from source node 1 to sink node 6 
(single-pair shortesth path problem) 
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b(1) = 1 b(6) = -1 

  Think of sending one unit of flow from 1 to 6 
  This transformation works so long as there are no negative 
cost cycles in G.   
  What if there are negative cost cycles? 
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Cij:the length of arc (i,j) 
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Find the shortest 
path from node 1 

to node 6 
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LP Formulation 
 of the Shortest Path Problem 

Cij:the length of arc (i,j) 
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Find the shortest path from source node 1 to sink node 6 
(single-pair shortesth path problem) 
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b(1) = 1 b(6) = -1 

  Optimal flow is to send one unit of flow along 1-2-5-6. 
  X12=1;X25=1, X56=1, X13=X23=X24=X35=X45=X46=0 
  Obj.fcn. Value=2.1+2.1+2.1=6 
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  Cij: the length of arc (i,j) 
 xij: the amount of flow on arc (i,j) 

 

Cij, xij 



17 

1 

2 

3 

4 

5 

6 

2 
4 

2   1 

3 

4 

2 

   3 
2 
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LP Formulation 
 of the Shortest 

Path Problem 

Find the shortest path from source node 1 to all other nodes 
(single-source shortesth path problem) 

  Each node except the source node is treated as a sink node 
  Assume that a source of n-1 units is at node 1 and a demand 

of 1 unit at all other nodes 

Cij:the length of arc (i,j) 
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Find the shortest path from source node 1 to all other nodes 
(single-source shortesth path problem) 

Cij,xij  

Obj.fcn value=2.5+2.2+1.1+4.1+2.1=21 
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Integrality Property 

 If we relax the integrality requirement and solve as an 
LP, we get an integral solution and the arcs with 
positive xij values give a shortest path tree rooted at s. 

 The constraint matrix has a special property called 
“total unimodularity”.  Any extreme point is an integer 
vector and hence the optimal solution is integral. 

 In general, network flow problem have this special 
“integrality property”. 
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 A matrix A  is called  totally unimodular  if each of 
its subdeterminants equals 0, 1, or -1. (In particular, 
each entry of A  is 0, 1, or -1.)  
 
 If A is totally unimodular and b is integer valued, 

then the polyhedron  P={x|Ax≤ b} is integral. 

Total Unimodularity 
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Shortest Paths with Negative Directed 
Cost Cycles 

  A directed cycle is a path that begins and ends at the 
same node and a negative directed cycle is a directed 
cycle of negative total length 

  If some path from s to v contains a negative directed 
cost cycle, there does not exist a shortest s-v path, 
otherwise, there exists one that is simple 
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  Shortest path  from 1 to 3: 1-2-3 with length 5 
  Shortest path  from 1 to 2: 1-3-4-2 with length -3 
   The shortest path from 1 to 3 does not use the 

shortest subpath from node 1 to node 2 (it should have 
been 1-3-4-2-3, which is not a path) 

Shortest Paths with Negative Cost Cycles 

Shortest path problems in the presence of negative 
directed cycles are much less tractable! 
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In a network with no negative directed cycles, if P is a 

shortest path from node s to node t and if it goes 

through nodes u and v, then the subpath of P from u to 

v is a shortest path from u to v. 

Principle of Optimality 

s t u v 

If the subpath p2 is shorter than the subpath p1 from u 

to v, then the shortest path from s to v cannot use the 

subpath p1 from u to v.  

p1 

p2 
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Dynamic Programming Approach to 
Shortest Path Problems 

 Divide and conquer method 
 Dynamic programming exploits the fact that it is 
sometimes easier to solve one optimization 
problem by taking on an entire family 
 If strong relationships can be found among optimal 
solutions to the various members of the family, 
attacking all together can be the most efficient 
way of solving the one(s) we really care about 
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Dynamic Programming Approach to 
Shortest Path Problems 

 Shortest path algorithms exploit relationships 
among optimal paths (and path lengths) for 
diferent pairs of nodes 
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Functional Notation 
For Single Source Shortest Path Problem 

 v[k] : the length of a shortest path from the 
source node to node k 

  If no path exists, v[k]=∞     

  Xij[k] = 
1   if arc/edge (i,j) is part of the optimal path 
from the source node to node k 
0   otherwise 
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Functional Notation 
Example 
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Optimal paths from node 1 to all other nodes 
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Functional Equations 

 If optimal paths must have optimal subpaths, it 
follows that a shortest path can be constructed by 
extending known shortest paths 
 Functional equations of a dynamic program encode 
the recursive connections among optimal solution 
values that are implied by a principle of optimality 

 In a graph with no negative directed cycles, 
optimal paths must have optimal subpaths 
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Functional Equations 
 For single-source shortest path problem with s 
being the source 

v[s]=0 
v[k]=min {v[i]+cik}   ∀k ∈N\{s} 
         i:(i,k)∈A 
 
If there is no neighbor i leading to k, then the minimum 
is ∞ 
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Functional Equations 
Example 
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v[1]=0 
v[2]=min {v[1]+3,v[3]+8}=3 
v[3]=min{v[1]+15,v[2]+8,v[4]+5,v[4 ]+5,v[5]+11}=11 
v[4]=min{v[2]+6,v[3]+5,v[5]+10]}=9 
V[5]=∞ 
 
Optimal paths must extend optimal subpaths 
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Functional Equations 
How to solve functional equations 

 

  Nonlinear due to min operator 
   Because each equation shows an expression for a 
single value v[k], possible just to evaluate those 
expressions (one-pass evaluation).  
   However, directed cycles introduce circular 
dependencies in functional equations that preclude 
their solution by one-pass evaluations 



Bellman-Ford Algorithm 
Repeated Evaluation Algorithm for  

Single Source Shortest Path Problem 
 

Each major iteration of the search evaluates the 
functional equations for each v[k] using results from 
the preceding iteration. The algorithm stops, when 
the results do not change. 

 
  v(t)[k] : value of v[k] obtained on the tth iteration 

 
To be able to know the shortest path at the 
termination of the algorithm, labels d[k] keep notes 
to allow us to recover the optimal paths 

  d[k] : node preceding k in the best known path 
from s to k  
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Bellman-Ford Algorithm 

The algorithm works on any graph with 
no negative directed cycles 
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Bellman-Ford Algorithm 
Why does the algorithm work? 

  Remark that in a graph with n nodes, a path can contain 
at most n-1 arcs 
  At the tth iteration, the length of optimal paths of at 
most t arcs should be correct 
  Moreover, if we have a whole iteration without changing 
any node’s value, no more changes can occur 
  An example will be solved in the class 


