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Let’s first convert it to the standard form: 

 

min 3x1 + 2x2 + 4x3     

s.t.          

 2x1 + x2 + 3x3   = 60 

 3x1 + 3x2 + 5x3 - e1 = 120 
 x1 , x2 , x3 , e1 ≥ 0 

 

Adding the artificial variables for each row, we will end up with following LP: 
 

min 3x1 + 2x2 + 4x3         

s.t.              

 2x1 + x2 + 3x3   + a1   = 60 

 3x1 + 3x2 + 5x3 - e1   + a2 = 120 
 x1 , x2 , x3 , e1 , a1 , a2 ≥ 0 

Q. 7) 

Q. 6) 
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Two-Phase Method: 

The phase-I problem is the following: 
 

min a1 + a2           

s.t.              

 2x1 + x2 + 3x3   + a1   = 60 

 3x1 + 3x2 + 5x3 - e1   + a2 = 120 
 x1 , x2 , x3 , e1 , a1 , a2 ≥ 0 

 

Now we need to solve phase-I LP: 

Tableau 0: 

 

 

 

 

 
The simplex tableau above is not in proper format since the row zero coefficients of basic 

variables a1 and a2 are not zero. We add the first and second row to row zero to make these 

coefficients zero: 

Tableau 0:  

 
 

    60/3 

120/5 
 
 

 

Now we can start simplex iterations: since it is a minimization problem we are looking for 

positive coefficients to decide on entering variables. 

x3 enters and a1 leaves: 

Tableau 1:  

 

20/(1/3) 
 

    20/(4/3) 

 

 
x2 enters and a2 leaves: 

z x1 x2 x3 e1 a1 a2 RHS 

1 0 0 0 0 -1 -1 0 

0 2 1 3 0 1 0 60 

0 3 3 5 -1 0 1 120 

 

z x1 x2 x3 e1 a1 a2 RHS 

1 5 4 8 -1 0 0 180 

0 2 1 3 0 1 0 60 

0 3 3 5 -1 0 1 120 

 

z x1 x2 x3 e1 a1 a2 RHS 

1 -1/3 4/3 0 -1 -8/3 0 20 

0 2/3 1/3 1 0 1/3 0 20 

0 -1/3 4/3 0 -1 -5/3 1 20 
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Tableau 2: 

z x1 x2 x3 e1 a1 a2 RHS 

1 0 0 0 0 -1 -1 0 

0 3/4 0 1 1/4 3/4 -1/4 15 

0 -1/4 1 0 -3/4 -5/4 3/4 15 

 

Both a1 and a2 left the basis so we can delete their columns from the tableau and move onto 

phase-II. We write the original objective function coefficients to the tableau: 

Tableau 0: 

z x1 x2 x3 e1 RHS 

1 -3 -2 -4 0 0 

0 3/4 0 1 1/4 15 

0 -1/4 1 0 -3/4 15 

 

Again, notice that this tableau is not in proper format, we need to make row zero coefficients of 

basic variables x2 and x3 zero: 

Tableau 0: 

z x1 x2 x3 e1 RHS 

1 -1/2 0 0 -1/2 90 

0 3/4 0 1 1/4 15 

0 -1/4 1 0 -3/4 15 

 

Stop. The tableau is optimal since there is no positive entry in row zero. 

The optimal solution is x1
*=0, x2

*=x3
*=15 with objective value 90. 

 

 

 
Now let’s solve the same problem with Big-M method. 

Big-M method: 

The LP is the following: 
 

min 3x1 + 2x2 + 4x3 + Ma1 + Ma2     

s.t.              

 2x1 + x2 + 3x3   + a1   = 60 

 3x1 + 3x2 + 5x3 - e1   + a2 = 120 
 x1 , x2 , x3 , e1 , a1 , a2 ≥ 0 
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Tableau 0: 

z x1 x2 x3 e1 a1 a2 RHS 

1 -3 -2 -4 0 -M -M 0 

0 2 1 3 0 1 0 60 

0 3 3 5 -1 0 1 120 

 

Let’s put the tableau in the proper format first: 

Tableau 0:  

 

 

 

 
x3 enters and a1 leaves: 

Tableau 1:  

  

x2 enters and a2 leaves: 

Tableau 2: 
 

z x1 x2 x3 e1 a1 a2 RHS 

1 -1/2 0 0 -1/2 1/2-M 1/2-M 90 

0 3/4 0 1 1/4 3/4 -1/4 15 

0 -1/4 1 0 -3/4 -5/4 3/4 15 

 

Stop. The tableau is optimal since there is no positive entry in row zero. 

The optimal solution is x1
*=0, x2

*=x3
*=15 with objective value 90. 

 

 
 

 

 
 

 

 
 

 
 

 

 
 

 

 
 

 

 

60/3 
 

120/5 
 
 
 
 
 
 
 
 
 

 
20/(1/3) 

 

20/(4/3) 

z x1 x2 x3 e1 a1 a2 RHS 

1 -(M+1)/3 (4M-2)/3 0 -M (4-8M)/3 0 80 +20M 

0 2/3 1/3 1 0 1/3 0 20 

0 -1/3 4/3 0 -1 -5/3 1 20 

 

z x1 x2 x3 e1 a1 a2 RHS 

1 5M-3 4M-2 8M-4 -M 0 0 180M 

0 2 1 3 0 1 0 60 

0 3 3 5 -1 0 1 120 
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First Tableau: 
 

x1 x2 e1 e2 x3 x4 RHS 

-2 -3 0 0 -M -M 0 

2 1 -1 0 1 0 4 

1 -1 0 -1 0 1 1 

 

x3 and x4 are basic variables but their row zero coefficients are not zero so we need to add the 

first and the second row to row zero after multiplying by M: 
 

x1 x2 e1 e2 x3 x4 RHS 

3M-2 -3 -M -M 0 0 5M 

2 1 -1 0 1 0 4 

1 -1 0 -1 0 1 1 

Then, x1 enters x4 leaves. 

Second Tableau: 

x1 x2 s1 e1 x3 x4 RHS 

0 0 0 0 -1 -1 0 

1 1 1 0 0 0 3 

2 1 0 -1 1 0 4 

1 1 0 0 0 1 3 

x3 and x4 are basic variables but their row zero coefficients are not zero so we need to add the 

second and the third row to row zero: 
 

x1 x2 s1 e1 x3 x4 RHS 

3 2 0 -1 0 0 7 

1 1 1 0 0 0 3 

2 1 0 -1 1 0 4 

1 1 0 0 0 1 3 

Then, x1 enters x3 leaves. 

Third Tableau: 

x1 x2 x3 s1 s2 e1 RHS 

-2 -1 -1 0 0 0 0 

1/3 2/3 0 1 0 1/3 1 

2 1 0 0 1 0 3 

2/3 1/3 1 0 0 -1/3 1 

Q. 8) 



12 

IE 400 2019-2020 Fall Midterm Study Set Solutions 
 

 

Q. 9) 

 

x3 is a basic variable but its row zero coefficient is not zero so we need to add the third row to 

row zero: 
 

x1 x2 x3 s1 s2 e1 RHS 

-4/3 -2/3 0 0 0 -1/3 1 

1/3 2/3 0 1 0 1/3 1 

2 1 0 0 1 0 3 

2/3 1/3 1 0 0 -1/3 1 

 

Then, x1 enters and s2 leaves (or x3 leaves). 
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The shaded area is the feasible region, the initial bfs can determined using this region. 
 
 
 

Q. 11) 
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Simplex tableau: 
 
 
 
 
 

Basic 
Var. 

 
x1 

 
x2 

 
e1 

 
s1 

 
s2 

 
s3 

 
RHS 

z -4 -5 0 0 0 0 0 

s1 1 3 -1 1 0 0 22 

s2 0 1 0 0 1 0 6 

s3 2 -5 0 0 0 1 0 

z -4 0 0 0 5 0 30 

s1 1 0 -1 1 -3 0 4 

x2 0 1 0 0 1 0 6 

s3 2 0 0 0 5 1 30 

z 0 0 -4 4 -7 0 46 

x1 1 0 -1 1 -3 0 4 

x2 0 1 0 0 1 0 6 

s3 0 0 2 -2 11 1 22 

z 0 0 -30/11 30/11 0 7/11 60 

x1 1 0 -5/11 5/11 0 3/11 10 

x2 0 1 -2/11 2/11 0 -1/11 4 

s2 0 0 2/11 -2/11 1 1/11 2 

z 0 0 0 0 15 2 90 

x1 1 0 0 0 5/2 1/2 15 

x2 0 1 0 0 1 0 6 

e1 0 0 1 -1 11/2 1/2 11 
 
 
 
 
 

Tableau stops with optimality. 

x* = (x1=15, x2=6) z*=90 


