IE 400: Principles of Engineering Management
Study Set 2 Solutions

Summer 2021

Question 1.

x1, To basic,
x3, x4 nonbasic (3 =0, x4 =0)
Then,

$1-[E2:15

;U1+Q32:9

Solving this system, we obtain x = (12, —3,0,0). This is basic but not
feasible since o = —3 < 0.

x1, x3 basic,
xg, x4 nonbasic (zo =0, x4 = 0)
Then,

T +3l’3 =15

.771:9

Solving this system, we obtain x = (9,0,2,0). This is a basic feasible
solution.



x1, T4 basic,

Tg, x3 nonbasic (zo =0, x3 =0)

Then,
T+ 51‘4 =15
1+ 2Ty = 9

Solving this system, we obtain z = (15/2,0,0,3/2). This is a basic
feasible solution.

Zo, x3 basic,

x1, x4 nonbasic (1 =0, x4 =0)

Then,
— T + 3[E3 =15
To = 9

Solving this system, we obtain z = (0,9,8,0). This is a basic feasible
solution.

To, T4 basic,

x1, 3 nonbasic (x; =0, x3 =0)

Then,
— X9 + 5.7}4 =15
To + Ty = 9

Solving this system, we obtain x = (0,5,0,4). This is a basic feasible
solution.

T3, T4 basic,
x1, T2 nonbasic (z;7 =0, xs = 0)
Then,
3373 + 5.%'4 =15

1‘4:9



Solving this system, we obtain z = (0,0, —10,9). This is basic but not
feasible since 23 = —10 < 0.

Question 2.
First convert the LP into standard form:

max 51 + 313 + '3

st. xry+x9+323+5, =6
521 4+ 319 + 623 + 5o = 15
x, >01=1,2,3

51,82 20
Z T1 X9 T3 S1 S2 RHS
111 -5 -3 -1 0 010
s1 |0 1 1 3 1 016
ss 0 5 3 6 0 1 |15

xy enters. Apply MRT: min{6/1,15/5}=3 Hence, s leaves.

Z Ty Ty T3 ST S RHS
1 /1 0 0 5 0 1 15
s |0 0 2/5 9/5 1 -1/5|3
r |0 1 3/5 6/5 0 1/5 |3

Since there is no negative row 0 coefficient, the solution is optimal: x* =
(3,0,0) and z* = 15.

Since there exists 0 in row 0, there may be alternative optimal solutions:
Let x5 enter the basis. Apply MRT: min{%, 3—‘;’5} = 5. Then x; leaves.

Z Ty To Ty 81 S RHS
1 |1 0 0 5 0 1 15
110 2/3 0 1 1 -1/3]1

e |0 5/3 1 2 0 1/3




x* = (0,5,0) and z*=15.

(If z; enters again, you turn back to the previous tableau!)

Question 3.

Introduce slack variables sq, s, and s3. Then the LP in the standard form

becomes:

max 2xq, + xo + 6x3 — 4xy
s.t. $1+2I2+4J]3—ZL‘4+81 =6

201 + 329 — T3+ x4 + 59 = 12
$1+I3+$4+53:6

2;>0i=1,2,34,56,7

Now construct the simplex tableau for initial basis s;, s, and s3. Now
we will add the required variables to basis one by one. (Be careful! The
following are not Simplex iterations to find the optimal solution!)

Z T1 To T3 Ta S1 Sy Sz | RHS
1]/1 -2 -1 6 4 0 0 010
ss/0 1 2 4 -1 1 0 0|6
ss|0 2 3 -1 1 0 1 0 |12
ss/01 0 1 1 0 0 1|6

Let x; enter and s; leave.

Z T1 T2 Xz X4 S1 S2 Sz | RHS
1 /1 0 3 2 2 2 0 012
x7w|0 1 2 4 -1 1 0 0|6
ss|10 O -1 -9 3 -2 1 010
ss/0 0 -2 -3 2 -1 0 110

Let x4 enter and sy leave.




Z X1 To X3 T4 S1 S s3 | RHS

1 /1 0 0 -25 11 4 3 0 |12

rz7w|[0 1 0 -14 5 -3 2 0|6

2 [0 0 1 9 3 2 -1 0|0

s3/0 0 O 15 -4 3 -2 1 |0

Let x4 enter and s3 leave.

Z Ty T9 I3 T4 Sy S S3 RHS
1|1 0 0 65/4 0 17/4 -5/2 11/4 |12
z [0 1 0 19/4 0 3/4 -1/2 5/4 |6
[0 0O 1 -9/4 0 -1/4 1/2 -3/41]0
g |0 0O O -15/4 1 -3/4 1/2 -1/4 1|0

The Simplex tableau is constructed for basis x1, x5 and x4. This tableau
is not optimal because there is a negative coefficient in row zero. Hence, s,
enters.

To find the variable that leaves the basis, apply MRT: min{0,0} = 0
Hence, x5 (or x4) leaves.

Question 4.
The LP in the standard form:

max 10z + 8xy — 323 + 32y
s.t. 22y + 42y — 0523+ 0524 + 51 =3
— 211 + 69 — 4513 +4brg+ 50 =T

Ty, Ty, T3, Ty, S1, 82 =

Z| T T2 T3 r4 s1 so | RHS
z [1-10 -8 3 -3 0 010
s; |02 4 05 05 1 013
so|0]-2 6 45 45 0 1 |7

Ty enters, sy leaves.



Z| T T T3 Ty 51  so | RHS
z | 110 12 05 05 5 0 |15
r |01 2 -025 025 05 0 |3/2
so |00 10 -5 5 1 1 |10

x4 enters, sy leaves.

Z| Ty Ty T3 Tq S S9 RHS
z (110 13 0 0 51 01 16
|01 15 0 0 045 -005]|1
e |00 2 -1 1 02 02 2

(a) Yes, it is a basic solution. Any tableu solution in proper form will be
basic, since it corresponds to a basis B.

(b) Yes, it is a basic feasible solution. All RHS values are nonnegative.

(¢) Yes, it is an optimal BFS. All row zero elements are > 0.

Question 5.

Decision Variables:

x1: Amount of TLs invested (in millions)
x9: Amount of TLs borrowed (in millions)

Model:

max —0.1xy + 0.5z,
st. 1 <1
1o < 0.474
Ty — 19 < 0.8
Ty, 19 >0



Now, apply simplex method. The LP in standard form 1s:

max —0.1z1 + 0529
s.t. ry+s5 =1
r9 —04dxry + 8 =10

1 — 19+ 583 =028

Ty, Ty, S, 89,53 = 0

z | 14 To 81 S9 s3 | RHS
z |1]101 05 0 0 0 0
s1|0] 1 0 1 0 0 1
sp | 0]-04 1 0 1 0 0
s3|0] 1 -1 0 0 1| 08
To enters, sy leaves.
z| x1 x9 st s» s3| RHS
z [1]-01 0 0 05 0 0
s5110] 1 0 1 0 0 1
004 1 0 1 0 0
s310(106 0 0 1 1| 08

1 enters, s; leaves.




Z|xy To S Sy s3 | RHS
z |10 0 01 05 0] 01
i [0 1 0 1 0 0 1
|00 1 04 1 0| 04
s310[0 0 -06 1 1] 02

The optimal solution 1s * = (1,0.4), and z* = 0.1,



Question 6.

First Tableau:
X [ |e|e2| X | X4 | RHS
2)1-3(0)10]-M|-M 0
211[]-1]0 1 0 4
1|-1{0)|-1] O 1 1

%; and x4 are basic variables but their row zero coefficients are not zero so we need to add the
first and the second row to row zero after multiplying by M-

X1 X2 €1 e2 X3 X4 EHS
3nM-2 -3 -M -M 0 sM
2 1 -1 0 1 0 4
-1 0 -1 0
Then, x; enters x4 leaves.
Second Tableau:
Xy | Xz | 51| €1 | X3 X | RHS
0 o|o0|0]| -1 -1 0
1 1 (1|0 0 0 3
2 110 (-1 1 0 4
1 1 (0|0 0 1 3

%3 and x4 are basic variables but their row zero coefficients are not zero so we need to add the
second and the third row to row zero:

Xl | X251 |€ | X3 | X4 [ RHS
3 210 (-1| 0 0 7
1 1 (1|0 0 0 3
2 110 (-1 1 0 4
1 1 (0|0 0 1 3
Then, x; enters x; leaves.
Thard Tableau:
X X2 | X3 | s1| s el RHS
2 (-1 |-1{0f0 0 0
13 |23]0f1]0 1/3 1
2 1 o)j0]1 0 3
231311 (o0 -1/3 1




%315 a basic variable but its row zero coefficient is not zero so we need to add the third row to

TOW Zero:
X1 X2 X3 S1 s2 e1 RHS

-4/3 | -2/3 0 0 0 -1/3 1

173 2/3 0 1 0 1/3 1

2 1 0 0 1 0 3

213 1/3 1 0 0 -1/3 1

Then, x; enters and s, leaves (or %3 leaves).

Question 7.

(a) The tableau is final and there exists a unique optimal solution.

A<0, B=0, Cany,D>0,FE=1, F any
(b) The simplex method determines an unbounded solution from this tableau.

A>0,B=0,C<0,D>0,E=1, F any

(c) The current bfs is degenerate (not necessarily optimal).

Aany, B=0, Cany, D=0, E=1, F any

(d) d) The current solution is optimal, there are alternative optimal solu-
tions but no alternative optimal bfs.

A=0, B=0,C<0,D>0, FE=1, F any

Question 8.
Convert into standard form and add artificial variable.

min —3x + 49
s.t. 1+ To+ S =4
2x1 + 319 —e1 + a1 = 18

xy,T2,S51,€1,01 Z 0

10



PHASE 1

Z X1 To S e a; | RHS
1 /1 0 O 0O O -110
s1 10 1 1 1 0 0 |4
a0 2 3 0 -1 1 |18

Add second row to row 0.

z T1 T2 S e a; | RHS
1 1 2 3 0 -1 0 18
s1/0 1 1 1 0 0 |4
a0 2 3 0 -1 1 |18

xo enters. Apply MRT:

min{4/1,18/2} = 4. Then, s, leaves the basis.

z Ty T2 S1 e ap | RHS
1 /1 -1 0 -3 -1 0|6
z9 |0 1 1 1 0 0 |4
a; |0 -1 0 -3 -1 1 |6

The tableau is optimal, but a; is still in the basis. Hence, the Phase 1

problem is infeasible.

Question 9.

Convert the following LP to standard form and solve with the Big-M method.

max —x1 + 3% + 3

st. —x1+ 19— 23> —4

201 + 19+ x3 > 10

ZEIZO
Z'QSO

x3 free

11



/
Let z3 = x4

slack variable s; and excess variable e,.

max —z; — 3y + (25 — 23) — Magy

s.t. wy + ah + (x4

—xh) + s =4

2$1—$/2+($g—17g)—62+a2:10

/ / "
Ty, Ty, T3, T3,S1, €2 Z 0

z x xh x4 x4 s1 ey ax | RHS
11 3 -1 1 0 0 M|O
s1 10 1 1 1 -1 1 0 0 |4
a0 2 -1 1 -1 0 -1 1 |10

Multiply the second row with —M and add it to row 0:

— a4 where 2, > 0 and 2% > 0. Let —zy = 4. Introduce

Z T xh L s1 ey as | RHS
1 -2M+1 M+3 -M-1 M+1 0 M 0 |-10M
s110 1 1 1 -1 1 0 0 |4
a; | O 2 -1 1 -1 0o -1 1 10

z1 enters the basis.

leaves:

By minimum ratio test:

min{4/1,10/2} = 4, s,

z x T xhy  ah 51 es ay | RHS
1 0 3M+2 M-2 -M+2 2M-1 M 0 |-2M-4
r1 [0 1 1 1 -1 1 0 0 |4
a |0 0 -3 -1 1 -2 -11 |2

x4 enters the basis. Apply MRT: min{2/1}. Then, a, leaves:

12

z Xy xhH Ty Ty sy e ag RHS

1 0 8 0 0O 3 2 M2|-8

o 1 -2 0 O -1 -1 1 6
2000 3 1 1 2 11 |2




No negative coefficient in row 0. The tableau is final. (as is not in the
basis so remove the column ay from the tableau)
Then,

¥ = (21, xh, x5, x5, 51, e2) = (6,0,0,2,0,0)
and z* = —8. Note that 19 = —25, =0, 23 =25 — 2§ =0—-2 = 2.

Question 10.
Convert the LP to standard form:

max ry + 2xy + 4xs — May

st. —r1 4+ 19 —13—€1+a; =2
— 2 4+ oo+ a3 L+so=1
Ty, To, T3, 61,01, 8y >

Z| 1T X9 T3 €1 a; Sy | RHS
z |1|-1 -2 4 0 M 0 0
ap [O]-1 1 -1 -1 1 0 2
sol0O-2 1 1 0 0 1 1
z | x4 T T3 €1 a; So | RHS
z |1 |M1 -M-2 M4 M 0 0] -2M
ap | 0] -1 1 -1 -1 1 0 2
so | 0] -2 1 1 0 0 1 1

o enters, sy leaves.

Z| 1 Ty T3 €1 89 RHS
z |1|-M-5 0 2M-2 M 0 M+2|-M+2
ap | 0 1 0 2 -1 1 -1 1
9 | 0| -2 1 1 0 0 1 1

T, enters, a; leaves.

13



zZ|T1 T T3 €1 q sa | RHS
z |10 0 -12 -5 M+5 -3 7
(O] 1 0 -2 -1 1 -1 1
ro (OO0 1 -3 -2 2 -1 3

x3 enters, but its coeffients on the constraints are negative. Then, there
is no leaving variable. Hence, the problem is unbounded.

Question 11.

(a) The tableau is final and there exists a unique optimal solution.
A >0, B any, C any, D any, E > 0

(b) The simplex method determines an unbounded solution from this tableau.
A<0,Bany, C<0,D<0,E>0

(c¢) The current bfs is degenerate (not necessarily optimal).
A any, B any, C any, D any, E =0

(d) The current solution is optimal, there are alternative optimal solutions
but no alternative optimal bfs.
A=0,Bany, C<0,D<0,E>0

14



Question 12.

Two-Phase Method:

The phase-I problem 1s the following:

min a3 + az
5.t
M +x% + 3% + a = 60
3x1 *3xm 53 a2 = 120
X X2 Mz a1 a2 0
Now we need to solve phase-I LP:
Tableau 0:
z X1 X2 X3 S ap az EHS
1 0 0 0 ] -1 - 0
0 2 1 3 ] 1 ] a0
0 3 3 5 -1 0 1 120

The simplex tableau above 1s not m proper format since the row zero coefficients of hasic
variables a; and a; are not zero. We add the first and second row to row zero to make these

coefficients zero:

Tableau 0: l

z X1 X2 X3 €1 al az RHS
1 5 4 8 -1 0 0 180
0 2 1 3 ] 1 ] a0

0 3 3 5 -1 0 1 120

ﬂ 60/3

12045

Now we can start sumplex iferations: since it 15 a nunimization problem we are looking for

positive coefficients to decide on entering variables.

x3 enters and aj leaves:

!

Tableau 1:

z X1 X2 X3 €1 al a2 RHS
1 -173 4/3 0 -1 -8/3 0 20

0 2/3 1/3 1 0 1/3 0 20

0 -113 413 0 -1 -5/3 1 20

x2 enters and az leaves:

15

20/{1/3)

0/



Tableau 2:

Z X1 X X3 €1 a1 az EHS
1 0 0 0 0 -1 -1 0

0 34 0 1 1/4 3/4 -1/4 15

0 -1/4 1 0 -3/4 -5/4 3/4 15

Both a1 and az left the basis so we can delete ther columns from the tableau and move onto
phase-II. We write the original objective function coefficients to the tablean:

Tableau 0:

z X1 X2 X3 €1 RHS
1 -3 -2 -4 0 0

0 3/4 0 1 1/4 15

0 -1/4 1 Q -3/4 15

Agamn_ notice that this tableau 1s not m proper format. we need to make row zero coefficients of
basic variables x; and x3 zero:

Tableau 0:

z X1 X2 X3 €1 RHS
1 -1/2 0 0 -1/2 a0

0 3/4 0 1 1/4 15

0 -1/4 1 0 -3/4 15

Stop. The tableau 1s optimal since there is no positive entry in row zero.

The optimal solution is x1"=0, x> =xs"=15 with objective value 90.

Now let’s solve the same problem with Big-M method.

Big-M method:
The LP 1s the following:

mn  3x1 + 2% +4x3 + Mar  + Max

5.1
2m X + 3% + a = a0
3% +3xm 5 - e + az = 120
X o, X2 ., X3 o, el - ,oa =10



Tableau 0:

z X X X3 e1 a az EHS
1 -3 -2 -4 0 -l -Iv 0

0 2 1 3 0 1 0 a0

0 3 3 5 -1 0 1 120

Let’s put the tableau in the proper format first:

Tableau 0: l

Z X1 X2 X3 €1 a a2 EHS

1 5M-3 4M-2 EM-4 - 0 0 18300

0 2 1 3 0 1 0 a0 — 503

0 3 3 5 -1 0 1 120 120/5
X3 enters and a; leaves:

Tableau 1: l'

z X1 X1 X3 el al a: RHS

1 AM=1Y3 | 423 |0 -M (4-8M)3 |0 80 +20M

0 23 13 1 0 1/3 0 20 20/{1/3)
0 -1/3 4/3 0 -1 -5/3 1 20 o3
%2 enters and az leaves:

Tableau 2:

z X X2 X3 e a as EHS

1 -1/2 0 0 -1/2 1/2-I 1/2-M 90

0 3/4 0 1 1/4 3/4 -1/4 15

0 -1/4 0 -3/4 -5/4 3/4 15

Stop. The tableau is optimal since there 15 no positive entry in row zero.

The optimal solution s x1"=0. x2"=x3"=15 with objective value 90.
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