IE 400: Principles of Engineering Management
Study Set 3 Solutions

Summer 2021

Question 1.

(a) Parameters:
fi= fixed cost of plant 7, i =1,...,4

c;j= cost of producing car jat plantit=1,...,4,7=1,2,3
Decision Variables:

{1 if plant iis used i=1,....4
Yi =

0 ow

{1 if car j is produced at planti i=1,...,4, j=1,2,3
[L’Z‘j:

0 ow
Model:
4 4 3
min Y fiyi+ )Y cijri
i=1 i=1 j=1
3
st Y @y <1 i=1,2,3,4 (1)
j=1
4
» mi=1 j=1,2,3 (2)
i=1
ys+ys <1+ (3)
nggyz 7':1727374 ]:1a273
zij € {0,1} i=1,2,34 j=1,2,3
y]E{O,l} ]:17273



Constraint (1): Each plant can produce one type of car.

Constraint (2): The total production of each type of car must be at a
single plant; that is, for example, if any Tauruses are made at plant 1,
then all Tauruses must be made there.

Constraint (3): If plants 3 and 4 are used, then plant 1 must also be

used.

either y1+1y2 <1
or yst+uys > 1

(**)

In order to linearize the constraint, add the following decision variable:

1 if constraint (*) holds
0 if constraint (**) holds

Then add the following constraints to the model:

i+ 1y <lw—(1—w)M
ys +ys > 1(1 —w) + Mw
w e {0,1}

where M is a sufficiently large number.

(For w = 1, the constraint (*) holds and (**) becomes redundant.

w = 0, the constraint (**) holds and (*) becomes redundant.)

For



Question 2.
Decision Variables:

{1 if astronaut i is assigned to post j1=1,2,3,4, j =1,2,3,4
xij =

0 ow

Model:

4 4
max E E DijTij

i=1 j=1
4
sty my=1 j=1,2,3,4 (1)
=1
4
» ay=1 i=1,2,3,4 (2)
j=1
zi; € {0,1} i=1,2,3,4 j=1,2,3,4

e Constraint (1) indicates that each post should have a single astronaut.

e Constraint (2) indicates that each astronaut should be assigned to a
single post.



Question 3.
Parameters: As given in the question
Decision Variables: As given in the question

Model:
M
min sz
i=1
M
s.t. Zym:dk k=1,---.n
i=1

Z?Jik'lkﬁl'% =1,
=1

M
x; € {0,1} i=1,--- M
M
Yir integer i=1,--- M

Question 4. (a) Parameters:

w;= weight capacity of compartment j (in tons)

s;j= space capacity of compartment j (in cubic meters)
wt;= weight of cargo i (in tons)

v;= weight of cargo ¢ (in cubic meters/ton)

p;= profit gained from cargo i (TL/ton)

Decision Variables:

x;;= amount of cargo ¢ distributed to compartment j in tons



4 3
max E E Dilij

i=1 j=1
3
sty @y < wt i=1,2,3,4 (1)
j=1
4
Zvixzj < S j =1,2,3 (2)
i=1

4
injﬁwj Jj=12,3 (3)
i—1

ST DT YT (1)

w1 W9 Ws
;>0 i=1,2,3,4 j=1,2,3

(b) Replace constraint (4) with

4 4
i—1 Lil i—1 Li2

Zz_l [ Zz—l ? S 0.1
w1 %)
4 4
i—1 Lil i—1 Li3

Zz_l o Zz—l ? S 0.1
w1 w3
4 4
i—1 Li2 i—1 Li3

Ez_l e Zz—l z S 0.1
Wo W3

You need to linearize these constraints before adding to the model:

4 4
_01< Dz Til _ Doim Ti2 <0.1

wq W2
4 4
01 < Zmi®i_ 2an T8 g
w1 Ws
ST DT
—-01< = — == < 0.1
W2 w3

(c) (b) is more likely to have a larger optimal value since the feasible region
in (b) includes the feasible region in (a).
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(d) Decision Variables:

x;;= amount of cargo ¢ distributed to compartment j in tons

~J 1 if cargo i is shipped in compartment ]
& 0 ow

Model: All constraints in (b) +

Ty < WiYi4 1=1,2,3,4 j=1,2,3
3

d oy <1 i=1,2,3,4

j=1

yijE{O,l} 1=1,2,3,4 7=1,2,3
x;; integer 1=1,2,3,4 7=1,2,3

Question 5. (a) Formulate the model to determine which trucks to use
so as to minimize the cost of delivering to all the customers.

Decision Variables:

0 ow

{1 if truck kisused k =1,...,7
T =

{1 if customer j is visited by truck k j =1,...,20 k=1,...,7
Yjk =

0 ow

2, =Amount of good is carried by truck k for customer j

j=1,...,20 k=1,...,7



Model:

k=1
7
> zik=d
k=1
20
Z Zjr < Cray
=1
Zjk < djyjk
Yjk < T,
T € {0, 1}
Yjk € {O, 1}

ijzo

k=1,
k=1,
k=1,
k=1,



(b) Add the following requirements to your model:

A single truck cannot deliver to more than six customers.
20
dyk<6 k=1,...,7
j=1

Customer 1 and customer 7 cannot be visited by the same truck.
Yk tyn <1 k=1,...,7

Both customer 2 and customer 12 should be visited by the same
truck(s).

Yok = Y12k k=1,...,7
If a truck visits customer 4 then it has to visit customer 19 or

customer 20. (Assume demands of these customers do not exceed
truck capacities.)

Yar < Yok +Y20r kE=1,...,7

Either at least two of the customers 5, 6 and 7 or at most three
of customers 11, 12, 13 and 14 should be visited by truck 4.

either ys4 + Yo 4 + yra > 2 (1)
or Y114 + Y124 + Y134 + Y144 < 3 (2)

In order to linearize the constraint, add the following decision
variable:

1 if constraint 1 holds
’u) _—
0 if constraint 2 holds

Then add the following constraints to the model:

Ysa + You +yra > 2w — (1 —w)M
Y114 + Y24 + Y134 + y1aa < 3(1 —w) + Mw
w e {0,1}



Question 6. Decision Variables:
{1 if constraint 1 is satisfied
Y; =

0 ow

1 if at least one of 7,8.,9 is satisfied
1 =
' 0 ow

1 if at least two of 10,11,12,13 are satisfied

0 ow
Model:
min 0
st Y agw; < b+ M(1—y) i=1,...,20 (1)
j=1
Zaij%zbi—Myi 1=1,...,20 (2)
j=1
20
> yi=10 (3)
i=1
Y1 < Ua (4)
Y2 +ys <1 (5)
Ys = Yo (6)
Yr+ys T Ys = 21 (7)
Y10 T Y11 + Y12 + Y13 = 22 (8)
21tz 2>1 9)
21,29 € {0,1} (10)
yi € {0,1} i=1,...,20 (11)

where M is a sufficiently large number. Observe that we minimize zero, which
means that the model is a feasibility problem. If a feasible solution is found
for the above model, the objective will take value 0.



Let’s take a closer look at constraints (1) and (2):

o Ify, =1:

Constraint (1) becomes » ", a;;z; < b; which means that the con-
straint ¢ is satisfies.

Constraint (2) becomes > 7| a;;z; > b;—M. This makes the constraint
redundant as —M is a really small number.

o Ify, =0:

Constraint (1) becomes » 7, a;;z; < b+M which makes the constraint
redundant as M is a really large number.

Constraint (2) becomes » 7 a;;z; > b;. This means constraint is not
satisfied.

(3): Point x should satisfy at least 10 of the 20 constraints.

(4): If point x satisfies constraint 1, then it should also satisfy constraint 4.
(5): If point x satisfies constraint 2, then it should not satisfy constraint 3.
(6): If point x satisfies either both of the constraints 5 and 6 or neither of
them.

(7)-(8)-(9): Point x should satisfy either at least one of the constraints 7,8,9
or at least two of constraints 10,11,12,13.
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Question 7. Decision Variables:

x; : Number of workers employed on linei ¢=1,2
{1 if line i is used 4 = 1,2
Yi =

0 ow

Model:

min 1000y; + 2000y, + 50021 + 900z
s.t. 20z1 + 50z9 > 120

3021 + 35z > 150

40x1 + 45x9 > 200

vy < Ty

o < Tyo

r1,T2 > 0

y1,y2 € {0,1}

Question 8.

First calculate the ratios:

x1:9/6
oot 13/3
x3: 10/2
xy: 8/4
x5 1 8)7

For the minimization problem, sort the ratios from smallest to largest:

Ty < T1 < Ty <To < Ty
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Solve the LP relaxation of the knapsack model according to the above

priority list (x5 is the most preferable and xo is the least preferable one).
The solution to the LP relaxation of the given model is displayed at node 1.
Since this is not an integer solution, we branch from node 1, and add new
constraints as given in the Branch and Bound tree below. Note that at each
node we solve the LP relaxation of the IP model along with the newly added
constraints.
Note that node 2 is fathomed by bound, because we have found an integer
solution at node 4 that has a better objective value than the one at node 2.
(If we branch node 2, then the resulting nodes would have an objective value
> 82.6667 which will always result in a solution worse than node 4)

= (1,1,2,3/2,3)
=78

117422

x*=(1,5/3,2,1,3) at=(2/3,1,2,2,3)
2" = 82.6667 £ =19
Fathomed by bound
7 <0 r>1

2" =(1,1,2,2,19/7)
2 = 179.7143

z*=(0,1,2,3,3)
2 =81
Fathomed by integrality

22'523

x"=(1,1,2,13/4,2) “;i(gli 1,2,2,3)
2 =84 N

Fathomed by bound Fathomed by bound

The optimal solution is z* = (0, 1, 2, 3, 3).
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Question 9.
Solve the LP relaxation of the original model using graphical method:

For c¢=(4,5), we obtain z* = (1.8,2.3). This is not an integer solution, so
start branching:

Now move to node 2. Here the constraint x; > 2 is added to the model:
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Solve the new model with graphical method and update the branch and
bound tree:

Fathom by integrality

We obtained an integer solution at node 2. Hence, it is fathomed by
integrality. Now move to the third node. Add the constraint z; < 1 to the
original model:
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[

Solving via the graphical method we obtain:

zF =18 z" =16.5
T =(2,2) = (1,2.5)
Fathom by integrality Fathomed by bound

Node 3 is fathomed by bound, because we have already obtained an in-
teger solution at node 2 that has a better objective value (for maximization)
than the model at node 3 . If we branch the third node, the objective value
will be < 16.5 !

We cannot make further branches. Then, the optimal solution is z* =
(2,2) and z* = 18.
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Question 10. Order of the variables:

I3 > T > Iy > Iy

a* = (1,1,0 Fathomed by infeasibility z"=(0,1,1,0) = =(0,0,1,1)
i s Ly Uy r) * 3 Z* = 68
Z" =65
z" = 5140

) Fathomed by Integrality
Fath d by Int I
Fathomed by bound athomed by Integraiity

Optimal Solution 1s: z* = (0,0,1,1).
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