IE 400: Principles of Engineering Management
Study Set 5 Solutions

Fall 2021

Question 1. Use Bellman Ford algorithm to find the shortest path of the following graph

where A is the source node.

t t t t t
Viy Ve Viey Vo Ve

0 +o00 +00 400 400

W N = O

0 -1 4 +00 400 A A
0 -1 2 1 1 B B B
0 -1 2 -2 1 E



Question 2. Consider costs as capacities. Using Ford - Fulkerson algorithm find max-

flow.
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Step 1: Choose paths-1-4-t
min{3, 5, 4}= 3
a4 1
—{ t ]
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Step 2: Choose paths-2-1-4-t%

min{7, 1, 2, 1}=1



Step 3: Choose paths-2-4-5-t%

min{6, 3, 9, 4}= 3

Step 4: Choose paths-3-6-t

min{8, 7, 9}=7
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Step 5: Choose paths-3-5-t
min{l, 5, 1}=1
4
4
2
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There is no other path from s to t.
Since max-flow = min-cut in optimal solution. The minimum cost to block flood’s way

to city is 15.



Question 3.

Activity Predecessors Duration
1 (Design) - 5
2 (make A) 1 4
3 (make B) 1 5
4 (make C) 1 3
5 (test A) 2 2
6 (assembly A&B) 3,5 2
7 (attach C) 6, 4 1
8 (testing) 7 1
0|5 5]9 9 |11
0|5 509 9 |11




Critical path: 1-2-5-6-7-8

Duration: 15
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For the LP define decision variable z;: start time of activity j,j = 1,..., 10, start, end

| 4]5]6]

6|78
[510]0]

7
00

213
01

min  Tend

s.t. 1
T3
T3

Ty

NIV IV IV Y
3 BB
+

Iy
T6
T6

Iy

VIV IV TV

Iy

I

rr+1

Lend Z -TB+1

s

Tstart = 0

The tight constraints of the optimal solution for this LP, which hold at equality, will give

you the critical path.



Question 4.
ES: Earliest Start, EF: Earliest Finish, LS: Latest Start, LF: Latest Finish
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Activity | Slack
A 0
B 0
C 30
D 30
E 3
F 3
G 8
H 8
I 8
J 0
K 30
L 0

Since the slack for cutting the onions and mushrooms is 3, the dinner will be delayed
6-3=3 minutes.

If the cutting time is 2 minutes, slack is 10 (latest finish time) — 2 (task duration)
= 8 minutes. Since the slack time is more than the delay time, it does not delay

the dinner.

Let N be the set of activities and A be the set of arc in the project network.

Parameters:
a; : Duration of activity i, for alli e N
d : Project duration (75)

Decision Variables:

x; » Start time of activity i, for all : € N



Model:

Question 5.

(a)
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Critical path: A-B-C-Gand A-B-E-F-G

Duration: 26
(b) D can be delayed for 8 days.

(c) Decision Variables:

x;: start time of activity j

y;: number of days duration of activity j is reduced

(1,7) € A

1eN

17

23

17

23




Parameters:
¢;: cost of reduction
rj: max reduction

d;: duration of activity
min >;(ciy;)

subject to ;< 1
;> xi+d; -y, V(i,j) €A

Lstart= 0
Lend S 20
y;i= 0 Vj
Question 6.
(a)
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(b) N: set of activities
Decision Variables:
x;: start time of activity 7, i € N

Model:
min ). . T

8.t Teng < 43

Tseare = 0

TA = Tsart
rp = Ta+3
T = x4 +3
rp > T4 +3
g > o+ 15
rp = xp+ 13
rp Zrg+ 71
TG = IF + 3
Tg = rp+ 7
Ty = g+ 8
Tend = Ty + 10
; >0vie N

(c) No, the critical path does not change. The increase in the path A - B-F - G- H
18 4 + 7 = 11, which 1s smaller than the slack of activities B and F.

(d) Additional Decision Variable:
y;: number of days that the duration of activity 7 1s reduced, i € N
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Model:

min 10y, + 21y + 15y + 23yp + 12ye + 1dyp + 13y + 20yy

s.t.  TA = Tsare
TR = To+3 —Ya
Te Z To+3—Ya
Tp = To+3—ya
mgzmc—i—l'ﬁ—yc
rp > rzp+ 13 —yp
T = TR+ 71— YB
TG = TF +3 — yr
Tg Z T+ 17— YE
ry = rg+8—yg

Tend = Ty + 10 — yy
Teond E 4{]
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Question 7.

(a)

Activity Mean Variance

A

B
C
D
E

6
7
14
4
14.5

131 20

The critical path is A-C-D.
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(b) Note that

We have, 0, = 2.708

Note that Zig = 222 = —2.2156

Then, P(t < 18) = P(Z < —2.2156) = 0.013

_ 26-24 __
Zog = 2224 — (739

P(t <26) =P(Z <0.739) = 0.770
Hence,
P(18 <t <26) =P(t <26)—P(t <18) =0.757

Question 8. The model is in the following form:

n
max E CiT;
=1
n
S.t. E ;T 5 Sbl
=1

Zdjl‘jgbg
j=1
IJZO jzl,...,n

x; : Decision at stage j, j = 1,...,n (amount of type i items taken)
States: Ry, Re (Amount of resources available)
[i(R1, Ry) : Maximum value of the objective function considering stages (items) j,j +

1,...,n with available resources R; and Rj.
So the recursion function is as follows:

fj(R17 Rg) = ng{ {le’j + fj+1(R1 — a;Ty, Rg - djdfj)}j = 1, o,
o <Ry
d;m;SRz
;>0

Base Case: f,.1(ky, ko) =0 for all ky, ko
Optimal Solution Value: fi(b,bs)
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Then, for the LP given in the question;
Base Case: f3(430 — 2zq — 29,230 — 29) =0
Optimal Solution Value: f,(430,230)

f2<430 — 2%1, 230) = max {51’2 -+ f3(430 — 2.1'1 — T2, 230 — 1'2)}

x9<430—2x1 —~
x2<230 0
x2>0

= max {bza}
x2<430—2x1
22<230
x22>0

=min{5(430 — 2z,),5 - 230}
—10x; + 2150 if 100 < x; < 215
1150 it 0 <z <100

The minimization in the third equality follows as x5 cannot be greater than the mini-
mum of 430 — 2z; and 230.

f1(430,230) = ngigo{Qxl + f2(430 — 224,230)}

x12>0
2z + 1150 if 0 <z <100
= max
m | —8zy + 2150 if 100 < 2, < 215
=1350

(You can also graphically verify that 27 = 100 and 25 = 230. Therefore, f;(430,230) =
227 + bah. )
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Question 9.

State: s (Capacity available in the beginning of a year)
Stage: t (Years 1,...,T)

Decision: x (Change in the capacity)

fi(s) : the minimum cost of meeting power requirements from year t to T having ca-

pacity s in the beginning of year t.

Base Case: fr,1(s) =0 for all s > 0.
Optimal Solution Value: f;(100)
Recursion Function: fi(s) = ming >, {c:(x) + mu(s + ) + fi41(0.9(s + 2))}

Question 10.

b;: the minimum number of workforce needed for year i

x;: the number of workers in year i

Salaries: $30000z;

Hiring cost: $10000(x; — [0.92;_1])"

Firing cost: $20000(|0.9z;-1| — x;)"

Stages: Yearsi=1,...,5

States: Number of workers in the previous year

fi(z;—1): minimal cost of maintaining a workforce from year i to 5 with workforce (z;_1)

in the previous year

Base Case: fg(x5) =0
Optimal Solution Value: f;(20) (Since we started with 20 workers)
Recursion Function:

fz-(xi_l) = min }{fz—&—l(-%) + 30000z; + $10000(a:i — L0.91‘Z‘_1J)+ + $20000(L0.9xi_1j — .%)Jr}

b; <z;<max{bi,...,.bn

fori=1,...,5
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