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INntro

« So far, we have studied how to solve two-variable LP
problems graphically.

* However, most real-life problems have more than two
variables!

 Therefore, we need to have another method to solve LPs with
more than two variables.

* We are going to study The Simplex Algorithm which is quite
useful in solving very large LP problems.

* Today, The Simplex Algorithm is used to solve LP problems in
many industrial applications that involve thousands of
variables and constraints.



Standard Form LP

* LP problems can have both equality and inequality
constraints.

* LP problems can have nonnegative and urs (unrestricted
in sign) variables.

* To use the Simplex Method, LP problems should be
converted to Standard Form LP.



Standard Form LP

* Why? We know from 2-variables that extreme points are
potential optimal solutions

* This will be true in higher dimensions as well

* We need an ALGEBRAIC way of characterizing extreme points.
We can’t draw the feasible region in higher dimensions

 Standard form LPs will provide an easy way to do this
characterization

* All constraints are equalities, with constant nonnegative
right-hand sides (RHS),

* All variables are nonnegative.

* Any LP can be brought into standard form!



Simplex Method

Start with an extreme point

Move to a neighboring extreme point in the improving
direction

Stop if all neighbors are no better

* Simple Greedy Logic
* How to find a feasible extreme point?
* How to go to a neighbor?



Converting LP into Standard Form

Ex: Consider the following LP problem:
max X +3X,

S.t.o2x +3X, + X £ 5 (1)
4X + X+ 2X = -1 (2)
3X,+ 4X, + 2X 2 8 (3)

X,20,X,£0,X_Urs (free)

W



Converting LP into Standard Form

“S”

a) Define a “slack” variable for each of the constraint
to convert the inequality constraint into an equality
constraint:

S,= 5-2X - 3X, - X_, s20 (1)
So that, the first constraint becomes:

2X, + 3X, + X_ +S =5 (1)



Converting LP into Standard Form

b) Multiply the second constraint by -1 to get a nonnegative
right hand side value, i.e., replace

4X, + X, + 2X = 11 (2)
with:

4X, - X, - 2X = 1 (2)



Converting LP into Standard Form

((2”

c) Define an “excess (surplus)” variable for each of the
constraints to convert the inequality constraint into an
equality constraint:

e3 =3X + 4X, + 2x3 - 8, e320 (3)
So that, the third constraint becomes:

3X, + 4x, + 2X, - e =8 (3)



Converting LP into Standard Form

d) Variable x_ has a reverse sign restriction:
* Replace x_ with -x_'throughout.

* It x_is nonpositive then x_' will be nonnegative.



Converting LP into Standard Form

e) Variable x_ is unrestricted in sign:

* Replace X, with x3l - x3” and force both x3' and x3" to both
be nonnegative.



Converting LP into Standard Form




Converting LP into Standard Form

* eachinequality constraint is converted into an equality
constraint by adding or subtracting nonnegative slack/excess
variables

* aninequality (equality) can be multiplied by -1 to get nonnegative
RHS,

* unrestricted variable can be represented as the difference of two
new nonnegative variables.

— It x.is urs, then let x. = x’- x”” where x’, x”’20.
— Replace every occurrence of x. with x’- x.” and add sign
restrictions x’, x.”’20.

* Forsignrestriction x <0, let x ’=-x, and replace every
occurrence of x, with -x, ” and add the sign restriction x, ’20.



Standard Form LP

Suppose that we converted an LP with m constraints into
standard form. Also assume that after the conversion, we hav

variablesas x, X_, ..., X .
1 2 n




Standard Form LP

If we define:

a_ .. a
1" 12 n
A _ a21 a22 eoe aZn
a LN ]
m1 m2
mn
i b
1 1
X=] 2 b= "
X b
B n B m




Standard Form LP

= For Ax=b to have a solution, rank (A | b)=rank (A).

= We also assume that all redundant constraints are
removed, so rank(A)=m.

° i.e.
x +2x_ +x. = 4 (1) Constraint (3) can be written as a
1 23 linear combination of (1) and (2):
o s U @)= 6)
2X + 6X, = 10 (3)

Remove the redundant
constraint



Standard Form LP

* Before proceeding any further with the discussion of the
simplex algorithm, we should define the concept of a
basic solution to a linear system.

* Basic Solution: A solution to Ax=b is called a basic
solution if it is obtained by setting n-m variables equal to
0 and solving for the remaining m variables whose

columns are linearly independent.



Standard Form LP

* The n-m variables whose values are set to 0 are called

non-basic variables.

* The remaining m variables are called basic variables.



Standard Form LP

* For Ax=b, where A is a mxn matrix, rank(A)=m, b0,
o pick mlinearly independent columns from A,

o rearrange A such that these chosen columns are the
first m columns in A.

* Since elementary column and row operations do not

change the system of linear equations, matrix A can be

brought into a form A=[B_

xM

)], where B_ _is

xM mx(n-m

invertible.



Standard Form LP

Let x = [XBJ be the corresponding partition in x.
X

N

XN

Xp
Ax=b = |[B N] =b = Bx,+Nx, =b
If we set x,, =0, then x, =B™'b will be a unique solution.

B'b
For every such B choice, 3 a unique solution [ 0 j



Standard Form LP

B'b
If a basic solution x = ( 0 j >0,

then x is called a basic solution (bfs).



Basic Solutions




N4)

Feasible Regio




Basic Solutions




Basic Solutions

1. Let us chose: from Az{l B O}
0 I 01
1 1 X, X,
5= 01 Ap = AN T
X, X,
\_Y_)

The columns are
linearly independent

Setting x, = 0 and solving for x, : Bx, =b = x, =B™'b

o o)) = G- B GGG



Basic Solutions

(3)

. X, 3 Xg 3.
Since X, = =| (20, x= =| |1sabfs.
X, 3 Xy 0

0,




Basic Solutions

Let us consider different ways of forming B:

2. Let us choose:

B11
— X_
00 B

\_Y_}

The columns are
linearly dependent!

|
7~ N\
e
N
4
Z
I
7~ N\
ST
AN (\®)
N S

X4

Hence the choice of x; = ( ] cannot be a basic solution.

X3



Basic Solutions

3. Let us choose:

B1o
= X
0 1 B

\_Y_}

The columns are
linearly independent

|

X4

X4

Setting x, = 0 and solving for x; :

1 0

x,=B'b= {O |

I

6
3

J

|

6
3

j 0
> X =
0

(6

1s a bfs.



Basic Solutions

4. Let us choose:

o=, o) %] w3

\_Y_}

The columns are
linearly independent

Setting x, = 0 and solving for x; :

0O 1|(6 3 3
x; =B'b= =| |=>x=|_|isabfs.
1 -1[\3 3 3




Basic Solutions

5. Let us choose:

SN

\_Y_}

The columns are
linearly independent

Setting x, = 0 and solving for x; :

oo (9o o]

This basic solution
> is not feasible!



Basic Solutions

6. Let us choose:

B1o
= X
0 1 B

\_Y_}

The columns are
linearly independent

|

X3

X4

Setting x, = 0 and solving for x; :

1 0

X, =B'b= {O |

I

6
3

J

|

6
3

—> X =
)=

(0
0

3

1s a bfs.



Basic Feasible Solutions

* So, this system of equations has 4 basic feasible

solutions:




(3,3) Xz=(x,x,)

3) (6) (0
31 10| |3
of |0 [3]
0) (3) \0
A A A
C B D

Recall previously determined bfs:

0

= W N O




Basic Feasible Solutions

The number of basic feasible solutions < (n j
m



Theorem

A point in the feasible region of an LP is an extreme point if
and only if it is a basic feasible solution to the LP.



Fundamental Theorem of LP

* If feasible set of an LP is non-empty, then there is at least

one bfs.

* If an LP has an optimal solution, then there is a bfs which
is optimal.



This Theorem Implies

* Finding an optimal solution to an LP problem is

equivalent to finding the best bfs!
n

The number of bfs < ( j
m

* Therefore, we should search for the best bfs.



Enumerating All BFS

* One way is to enumerate all bfs and choose the one that
gives the best objective function value.

* However, enumerating all bfs can be very expensive!

n
For example, for n = 20 and m =10, ( ] 15 184756!

m

* Simplex Algorithm does this in a clever way. Usually, it
finds an optimal solution within 3m enumeration.



Neighboring extreme points (bfs)

* For any LP with m constraints, two bfs are said to be
adjacent if their set of basic variables have m-1 basic
variables in common.

(Intuitively, two bfs are adjacent if they both lie on the
same edge of the boundary of the feasible region)

* Simplex Algorithm goes from an extreme point to an
adjacent extreme point with a better objective value.



(3,3) Xz=(x,x,)

3) (6) (0
31 10| |3
of |0 [3]
0) (3) \0
A A A
C B D

Recall previously determined bfs:

0

= W N O




General Description of the Simplex Algorithm

1. Convert the LP problem into a standard form LP.

2.  Obtain a bfs to the LP. This bfs is called the initial bfs. In
general, the most recent bfs is called the current bfs.

Therefore, at the beginning the initial bfs is the current bfs.
3. Determine if the current bfs is an optimal solution or not.

4. If the current bfs is not optimal, then find an adjacent bfs with a
better objective function value (one nonbasic variable becomes

basic and one basic variable becomes nonbasic).

9. Goto Steps.



The Simplex Algorithm

* To begin the simplex algorithm, convert the LP into a
standard form,

* Convert the objective function z=c x +c x_+... + ¢ X to the
row-0 format:

Z-CX-CX-...-CX =0
T 1 2 2 n n



The Simplex Algorithm




(2)

X +2Xx_ =8
1 2

Basic feasible
solutions

4
0) (0) |3 6
0 4| [14] |0
6 |2 1371 1|0
8 Lo |0 14

0
B C D

4
fo o
1) ¥
—()3 () X +X =6




The Simplex Algorithm

Canonical Form o:

Row | Basic RHS
Variable
0 Z X, 3X, = 0
1 X + X + S = 6
1 2 1
2 X + 2X + S = 8
1 2 2

* Asystem of linear equations in which each equation has a
variable with a coefficient 1 in that equation (and a zero
coefficient in all other equations) is said to be in canonical form.

* If the RHS of each constraint in a canonical form is nonnegative,
a basic feasible solution can be obtained by inspection.



The Simplex Algorithm

* Recall that the Simplex Algorithm begins with an initial
bfs and attempts to find better ones. After obtaining a
canonical form, we search for the initial bfs.

* By inspection, if we set x =x =0, we can solve for the
values of s_and s_Dby setting s. equal to the RHS of row i.

* BV={s,s } and NBV={x ,x }



The Simplex Algorithm

* You may also verify the calculations for the initial basic
feasible solution by:

o) )

The columns are
linearly independent

Setting x, = 0 and solving for x, : Bx, =b = x, =B™'b

o o) = G0 3 G 6



The Simplex Algorithm

 Notice that each basic variable is associated with the row
of the canonical form in which the basic variable has a

coefficient of 1.

* To perform the simplex algorithm, we also need a basic
variable (not necessarily nonnegative!) for row o.

* Observe that variable z appears in row o0 with a
coefficient of 1, and z does not appear in any other row.

* Therefore, we use z as basic variable for row o.



The Simplex Algorithm

 Let us denote the initial canonical form as canonical form
0.

* With this convention, the basic and nonbasic variables
for the canonical form o are BV={z,s ,5 } and NBV={x ,x }.

* For this basic feasible solution, z=0, s =6, s =8, x =0, X_=0.



The Simplex Algorithm

In summary, the canonical form:
* LP has equality constraints and nonnegativity constraints
* Thereis one basic variable for each equality constraint,

 The column for the basic variable for constrainti has a1in

constraint i and 0’s elsewhere,

* The remaining variables are called nonbasic.



The Simplex Algorithm

e Canonical Form o:

Row | Basic
Variable

0 z - X - 3X,

1 X + X +

2 - X + 2X
2



The Simplex Algorithm

e Canonical Form o:

Row | Basic RHS
Variable
0 Z=0 z - X, - 3X, = 0
1 51:6 X, + X, + s, = 6
2 s =8 - X + 2X + S = 8
2 1 2 2

* Is this current basic feasible solution optimal?

* To answer this question, we should determine whether there is any
way that z can be increased by increasing some nonbasic variable
from its current value of zero while holding all other nonbasic
variables at their current values of zero (To reach an adjacent bfs).



The Simplex Algorithm

e Canonical Form o:

Row | Basic RHS
Variable
0 Z=0 z - X, - 3X, = 0
1 51:6 X, + X, + s, = 6
2 52:8 - X, + 2X, + S, = 8

* RowoO: z-X-3X.=0
1 2
* ifx isincreased by 1 unit, z increases by 1 unit
* ifx_isincreased by 1 unit, z increases by 3 units

* So we choose x, as the “entering variable”. If x_is to increase
from its current value of zero, it has to become a basic variable.



The Simplex Algorithm

* For a max. problem, the entering variable has a negative
coefficient in row 0. Usually, we choose the variable with
the most negative coefficient to be the entering variable
(ties may be broken in an arbitrary fashion).

* x_ will become basic. Therefore, one basic variable should
become nonbasic. This will be the “leaving variable”.



The Simplex Algorithm

* Increasing x_may cause a basic variable to become
negative. We look at how increasing x_ (while holding
x =0) changes the values of current set of basic variables:

X + X +S =6 X, + S, =6
—
=0
X+ 22X +s =8 2X +s = 8



The Simplex Algorithm

* Ass 20, s=6-x 20 = x 56
* As s 20, S =8-2X_.20 = X_ <4
2 2 2 2

* So, X, can be at most 4 (otherwise s, would become
negative!)



The Simplex Algorithm

Observe that for any row in which the entering variable has
a positive coefficient, the row’s basic variable becomes
negative if the entering variable exceeds:

Right Hand Side of row
Coefficient of entering variable in row




The Simplex Algorithm

Ratio Test: When entering a variable into the basis, for
every row i in which the entering variable has a positive
coefficient, we compute the ratio:

RHS of row 1
Coefficient of entering variablein row i

and determine the smallest one.

* The smallest ratio is the largest value of the entering
variable that will keep all the current basic variables
nonnegative.



The Simplex Algorithm

e Canonical Form o:

Row | Basic RHS
Variable
0 Zz=0 z - X, - 3X, = 0
1 51:6 X, + X, + S, = 6
2 s =8 - X + 2X + S = 8
2 1 2 2

* Ifx =4,thens =0ands =2.
* Therefore, s_is the leaving variable and becomes nonbasic.

* New basic variables = {s ,x }; and new nonbasic variables = {x,s }.
Hence, new z = X +3x_=12.



The Simplex Algorithm

* Canonical Form o:
entering variable

Row | Basic RHS
Variable ¢
0 Z=0 z - X, - 3X, = 0
1 51:6 X, + X, + S, = 6
2 S 8 - X + 2X + S = 8
b) 1 2 2

leaving variable

* Always make the entering variable a basic variable in a row that wins
the ratio test (ties may be broken arbitrarily).



The Simplex Algorithm

* Canonical Form o:
entering variable

Row | Basic RHS
Variable ¢
0 Z z - X, - 3X, = 0
1 51:6 X, + X, + S, = 6
2 S 8 - X + 2X + S = 8
b) 1 2 2

leaving variable

* Always make the entering variable a basic variable in a row that wins
the ratio test (ties may be broken arbitrarily).



The Simplex Algorithm

* Canonical Form o:
entering variable

Row | Basic RHS
Variable ¢
0 Z z - X, - 3X, = 0
1 S X + X + S = 6
1 1 2 1
2 S 8 - X + 2X + S = 8
b) 1 2 2

leaving variable

* Always make the entering variable a basic variable in a row that wins
the ratio test (ties may be broken arbitrarily).



The Simplex Algorithm

Row | Basic RHS
Variable
0 Z z - X, - 3X, = 0
1 S X + X + S = 6
1 1 2 1
2 X + 2X + S = 8
1 2 2

* Always make the entering variable a basic variable in a row that wins
the ratio test (ties may be broken arbitrarily).



The Simplex Algorithm

Row | Basic RHS
Variable
0 Z z - X, - 3X, = 0
1 S X + X + S = 6
1 1 2 1
2 X - X + 2X + S = 8
b) 1 2 2

entering variable

* To make x, a basic variable in row 2, we use elementary row operations
to make x_has a coefficient of 1in row 2 and coefficient of o in all other
rows.

* This procedure is called pivoting on row 2.



The Simplex Algorithm

Row | Basic RHS
Variable
0 Z z - X, - 3X, = 0
1 S X + X + S = 6
1 1 2 1
2 X - X + 2X + S = 8
b) 1 2 2

entering variable

* Pivoting: Purpose is to rewrite the original problem in an equivalent
form where columns corresponding to basic variables form an identity
matrix. This allows us to determine the values of entering and leaving
variables in the new solution.



The Simplex Algorithm

Row | Basic RHS
Variable
0 Z Z X, 3X, = 0
1 51 X1 + X2 + 51 = 6
2 X X + 2X + S = 8
2 1 2

* We may perform elementary row operations step by step, starting from
the pivot row, one row at a time.



The Simplex Algorithm

Row | Basic RHS
Variable
0 Z Z X, 3X, = 0
1 51 X1 + X2 + 51 = 6
2 X X + 2X + S = 8
2 1 2

e To make X, has a coefficient of 1in row 2:
(d multiply row 2 by 0.5



The Simplex Algorithm

Row | Basic RHS
Variable
0 v4 v4 X, 3X, = 0
1 S, X, + X, + S, = 6
2 X, 0.5X + X +  0.5s = 4

e To make X, has a coefficient of 1in row 2:
(d multiply row 2 by 0.5



The Simplex Algorithm

Row | Basic RHS
Variable
0 v4 v4 X, 3X, = 0
1 S, X, + X, + S, = 6
2 X, 0.5X + X +  0.5s = 4

e To make X, has a coefficient of 0 in row 1:
d replace row 1 with row 1 -row 2



The Simplex Algorithm

Row | Basic RHS
Variable
0 v4 v4 X, 3X, 0
1 s, 1.5 X, + 0.5, 2
2 X, - 05X+ X +  0.5s 4

e To make X, has a coefficient of 0 in row 1:
d replace row 1 with row 1 -row 2



The Simplex Algorithm

Row | Basic RHS
Variable
0 v4 v4 X, 3X, = 0
1 s, 1.5 X, + s, - 055 = 2
2 X, - 05X+ X + 055 = 4

* To make X, has a coefficient of 0 in row 0:
[ replace row o with row 0 + 3 (row 2)



The Simplex Algorithm

Row | Basic RHS
Variable
0 z z - 25X + 155 = 12
1 s, 1.5 X, + s, - 055 = 2
2 X, - 05X+ X +  0.5s = 4

* To make X, has a coefficient of 0 in row 0:
[ replace row o with row 0 + 3 (row 2)



The Simplex Algorithm

e Canonical Form 1:

Row | Basic RHS
Variable

0 z z - 25X + 155 = 12

1 s, 1.5 X, + s, - 055 = 2

2 X, - 05X+ X +  0.5s = 4

s this bfs optimal?
No, increasing the nonbasic variable x_will increase z!

So x_ is the entering variable. Also note that x_ is the variable with the
most negative coefficient in row o.



The Simplex Algorithm

* We perform the ratio test to find the leaving variable:
* Since s =0, the system is:
1.5X +s =2, ands 20 = s=2-15X 20

= X, 24/3
-0.5X +X =4,andx 20 = X,=4+0.5X 20
= X = -8

1

* S0,Xx =4/3 and s becomes the leaving variable



The Simplex Algorithm

* The new bfs is:
X1 - 4/3)
X, = 14/3,
S =0,
1
s =0,
Z = 46/3.

* Now, keep the above results in mind and let us have a
look at the pivot of the simplex algorithm:



The Simplex Algorithm

* Canonical Form 1:
entering variable

Row | Basic RHS
Variable ¢
0 z z - 25X + 155 = 12
1 S 1.5 X, + s, - 055 = 2
2 , - 05X+ X +  0.5s = 4

leaving variable



The Simplex Algorithm

entering variable

Row | Basic RHS
Variable ¢
0 z 2.5X, + 155 12
1 1.5 X, + s, - 055, 2
2 , 0.5X + X, + 0.5, 4

leaving variable




The Simplex Algorithm

Canonical Form 2:

Row | Basic RHS
Variable
0 z z - 25X + 155 = 12
1 X, 1.5 X, + s, - 055 = 2
2 X, - 05X+ X +  0.5s = 4

* To make x_ a basic variable in row 1, we use elementary row operations

to make X, has a coefficient of 1 in row 1 and coefficient of o0 in all other
rows.



The Simplex Algorithm

Canonical Form 2:

Row | Basic RHS
Variable
0 z z - 25X 12
1 X, 1.5 X, + S 2
2 X, - 05X+ X 4

e To make X, has a coefficient of 1in row 1:
d multiply row 1 by 2/3



The Simplex Algorithm

Canonical Form 2:

Row | Basic RHS
Variable
0 z z 2.5 X, 12
1 X, X, + 2[3s, 4/3
2 X, 0.5X + X, 4

e To make X, has a coefficient of 1in row 1:
d multiply row 1 by 2/3



The Simplex Algorithm

Canonical Form 2:

Row | Basic RHS
Variable
0 z z - 25X + 155 = 12
1 X, X, + 2[3s, - 13s, = 43
2 X, - 05X+ X, + 0.5, = 4

* To make X, has a coefficient of 0 in row 2:
(A multiply row 1 by 0.5 and add to the row 2



The Simplex Algorithm

Canonical Form 2:

Row | Basic RHS
Variable
0 z z - 25X + 15s = 12
1 X, X, + 2[3s, - 13s, = 43
2 X, X, + 13s, + 13s, = 143

* To make x_ has a coefficient of 0 in row 2:
d multiply row 1 by 0.5 and add to the row 2



The Simplex Algorithm

Canonical Form 2:

Row | Basic RHS
Variable
0 z z - 25X + 15s = 12
1 X, X, + 2[3s, - 13s, = 43
2 X, X, + 13s, + 13s, = 143

e To make X, has a coefficient of 0 in row 0:
d multiply row 1 by 2.5 and add to the row o



The Simplex Algorithm

Canonical Form 2:

Row | Basic RHS
Variable

0 Z Z + 5/3s, + 2[3s, = 463

1 X, X, + 2[3s, - 13s, = 43

> X, X, + 13s + 13s = 143

e To make X, has a coefficient of 0 in row 0:
d multiply row 1 by 2.5 and add to the row o



The Simplex Algorithm

Canonical Form 2:

Row | Basic RHS
Variable

0 Z Z + 5/3s, + 2[3s, = 463

1 X, X, + 2[3s, - 13s, = 43

2 X, X, + 13s, + 13s, = 143

* This result is the same as we had calculated before!



The Simplex Algorithm

*Previously calculated new bfs was:

X, = 4/3,
X, =14/3,
S =0,

1
s,=0,
Z = 46/3.



The Simplex Algorithm

Canonical Form 2:

Row | Basic RHS
Variable

0 Z Z + 5/3s, + 2[3s, = 463

1 X, X, + 2[3s, - 13s, = 43

2 X, X, + 13s, + 13s, = 143

* Is this bfs optimal?

* YES! Because increasing nonbasic variables s and s_ will decrease z
(Also note that there is no variable in row 0 with a negative coefficient!)



Representing Simplex Tableaus

* Instead of writing each variable in every constraint, we
can use a shorthand display called a simplex tableau.



Representing Simplex Tableaus

Canonical Form o:

Row | Basic RHS
Variable
0 z=0 z - X, - 3X, = 0
1 S1:6 X, + X, + S, — 6
2 s =8 - X + 2X + S = 8
2 1 2 2

For example, canonical form o could be written as

Row | Basic y4 X X S S RHS
Variable
0 Z=0 1 -1 -3 0 0 0
1 s1=6 0 1 1 1 0 6
2 52=8 0 -1 2 0 1 8




Representing Simplex Tableaus

* With this format, it is very easy to spot the basic
variables. We just look for columns with a column of
identity matrix underneath.



Simplex Iteration 1: x, enters s_leaves

x2 ratio test=4, max value for x2
A( ) X +2X =38
(1) - Basic feasible
(2) solutions (4
(0,6 0 0 3 6
p (4/3,14/3) Of |4] [14] |0
(O) C 6 2 2 5 3 ) O
B g) o) |0 14
0
Feasible Regio A B C D
D
A4) A4)
- X
\ ('8;0) (OAO) (6,0) 1
(2)
1) ¥
—()3) () X +X, =6

Simplex Iteration 2: x_enters s_leaves
ratio test=4/3, max value for x.




Representing Simplex Tableaus

* Simplex Tableau-o:

Basic y4 X X S S RHS
. 1 2 1 2
Variable
Z=0 1 -1 -3 0 0 0
51:6 0 1 1 1 0
52:8 0 -1 2 0 1

* Note that z will always be a basic variable. Therefore, we won’t be
mentioning it unless it is necessary. In addition, since row 0

corresponds to the objective function, it is indicated separately in the
simplex tableau.

» Also note that, since we are in canonical form, the basic variable of a
row will be equal to the RHS of that row.



Representing Simplex Tableaus

* Simplex Tableau-o:

Basic y4 X X S S RHS
. 1 2 1 2
Variable
Z=0 1 -1 3 0 0 0
51:6 0 1 1 1 0 6
52:8 0 -1 2 0 1

Now let us summarize what we have done so far!



Representing Simplex Tableaus

* Simplex Tableau-o:

Basic y4 X X S S RHS
. 1 2 1 2
Variable
z 1 -1 -3 0 0 0
0] 1 1 1 (0]
0] 1 2 (0] 1

* For a max problem: We start with an initial bfs in the canonical form
above (if there are m slack variables, we use them as basic variables)



Representing Simplex Tableaus

* Simplex Tableau-o:

Basic y4 X X S S RHS
. 1 2 1 2

Variable
z 1 1 3 0 0 0
S1 0] 1 1 1 (0]
S2 0] 1 2 (0] 1

* For a max problem: We start with an initial bfs in the canonical form
above (if there are m slack variables, we use them as basic variables)



Representing Simplex Tableaus

(4 t ° - bl
° S,mp’ex Tableau-o: entering variable

Basic y4 X X S S RHS
. 1 2 1 2

Variable
z 1 1 3 0 0 0
S1 0] 1 1 1 (0]
S2 0] 1 2 (0] 1

* Entering Variable: Choose a variable with the most negative coefficient
in row o.



Representing Simplex Tableaus

. entering variable
* Simplex Tableau-o:

Basic y4 X X S S RHS
. 1 2 1 2

Variable
z 1 1 3 0 0 0
S1 0] 1 1 1 (0]
S2 0] 1 2 (0] 1




Representing Simplex Tableaus

(4 t ° - bl
° S,mp’ex Tableau-o: entering variable

Basic ya X, X, S, s, RHS
Variable
z 1 1 3 0 0 0
S1 0) 1 1 1 0]
S2 0) -1 2 0] 1

* Leaving Variable: compute ratios:

RHS of row 1

Coefficient of entering variablein row 1

9

* The smallest positive ratio wins and the basic variable of the winning
row leaves the basis.



Representing Simplex Tableaus

* Simplex Tableau-o:l

entering variable

Basic y4 X, S, RHS | Ratio
Variable Test
Z 1 -3 0 0
S, 0 1 1 6 6
S, 0 C? 0 3 4
leaving variable pivot term

* The smallest positive ratio wins and the basic variable of the winning

row leaves the basis.



Representing Simplex Tableaus

* Simplex Tableau-o:

Basic z X X S S RHS | Ratio
. 1 2 1 2
Variable Test
y4 1 1 -3 0 0 0
S, 0 1 1 1 0 6 6
X] |o 1 C? 0 1 8 4
pivot term

* The smallest positive ratio wins and the basic variable of the winning
row leaves the basis.



Representing Simplex Tableaus

* Simplex Tableau-o:

Basic y4 X X S S RHS
. 1 2 1 2
Variable
ya 1 1 -3 0 0 0
S, 0 1 1 1 0 6
X 0 1 @ 0 1
p)

pivot term

* The smallest positive ratio wins and the basic variable of the winning
row leaves the basis.



Representing Simplex Tableaus

* Simplex Tableau-o:

Basic y4 X X S S RHS
. 1 2 1 2
Variable
ya 1 1 -3 0 0 0
S, 0 1 1 1 0 6
X 0 1 @ 0 1
p)
pivot term

* Pivot: Transform the tableau so that the new basic variable (entering

variable) has 1 in the row of the leaving variable (pivot row) and o in
other rows.



Representing Simplex Tableaus

* Simplex Tableau-o:

Basic y4 X X S S RHS
. 1 2 1 2
Variable
Z 1 1 3 0 0 0
S, 0 1 1 1 0 6
: ®
2
pivot term

* Pivot: Transform the tableau so that the new basic variable (entering
variable) has 1 in the row of the leaving variable (pivot row) and o in
other rows.



Representing Simplex Tableaus

* Simplex Tableau-o:

Basic Z X X S S RHS
. 1 2 1 2
Variable
z 1 1 -3 0 0 0
S, 0 1 1 1 0 6
x] |o 1/2 @ 0 1/2 4

pivot term

* Pivot: Transform the tableau so that the new basic variable (entering

variable) has 1 in the row of the leaving variable (pivot row) and o in
other rows.



Representing Simplex Tableaus

* Simplex Tableau-o:

Basic z X X S S RHS
. 1 2 1 2
Variable
Z 1 1 3 0 0 0
S
1
x] |o 1/2 @ 0 1/2 4
pivot term

* Pivot: Transform the tableau so that the new basic variable (entering
variable) has 1 in the row of the leaving variable (pivot row) and o in
other rows.



Representing Simplex Tableaus

* Simplex Tableau-o:

Basic Z X X S S RHS
. 1 2 1 2
Variable
Z 1 1 -3 0 0 0
S, 0 3/2 0 1 1/2 2
x] |o 1/2 @ 0 1/2 4
pivot term

* Pivot: Transform the tableau so that the new basic variable (entering

variable) has 1 in the row of the leaving variable (pivot row) and o in
other rows.



Representing Simplex Tableaus

* Simplex Tableau-o:

Basic Z X X S S RHS
. 1 2 1 2
Variable
Z
S, 0 3/2 0 1 1/2 2
x] |o 1/2 @ 0 1/2 4
pivot term

* Pivot: Transform the tableau so that the new basic variable (entering
variable) has 1 in the row of the leaving variable (pivot row) and o in
other rows.



Representing Simplex Tableaus

* Simplex Tableau-o:

Basic ya X X S S RHS
. 1 2 1 2
Variable
Z 1 -5/2 0 0 3/2 12
S, 0 3/2 0 1 -1/2 2
X 0 1/2 @ 0 1/2 4
pivot term

* Pivot: Transform the tableau so that the new basic variable (entering

variable) has 1 in the row of the leaving variable (pivot row) and o in
other rows.



Representing Simplex Tableaus

e Simplex Tableau-1:

enter

Basic ya }(1 X, S, S, RHS
Variable
Z 1 -5/2 0 0 3/2 12
S, 0 3/2 0 1 -1/2 2
X, 0 -1/2 1 0 1/2 4




Representing Simplex Tableaus

* Simplex Tableau-1:

enter
Basic v X, X, s, s, RHS | Ratio
Variable Test
Z 1 -5/2 0 0 3/2 12
leave 3 o @ 0 1 1/2 2 4/3
X, 0 -1/2 1 0 1/2 4 no ratio




Representing Simplex Tableaus

* Simplex Tableau-1:

enter
Basic z )t s, RHS | Ratio
Variable Test
z 1 -5/2 3/2 12
L‘ﬁ 0 @ )2 2 4[3
X, 0 -1/2 1/2 4 no ratio




Representing Simplex Tableaus

* Simplex Tableau-1:

Basic

y4 X, S, RHS | Ratio
Variable Test
Z 1 -5/2 3/2 12
X, 0 @ -1/2 2 4/3
X, 0 -1/2 1/2 4 no ratio




Representing Simplex Tableaus

* Simplex Tableau-1:

Basic ya X X S S RHS
. 1 2 1 2

Variable
Z 1 -5/2 0 0 3/2 12
X, 0 @ 0 1 1/2 2
X, 0 -1/2 1 0 1/2 4



Representing Simplex Tableaus

* Simplex Tableau-2:

Basic y X

1 X, S, s, RHS
Variable
z 1 0 0 5/3 2/3 46/3
X, 0 1 0 2/3 1/3 4/3
X, 0 0 1 13 13 14/3




Representing Simplex Tableaus

* Simplex Tableau-2:

Basic y4 X, X, S, S, RHS
Variable
Z 1 0 0 5/3 2/3 46(3
X, 0 1 0 2/3 -1/3 4/3
X, 0 0 1 13 13 14/3

e Can we iterate more?

* No, because all row 0 coefficients are nonnegative. We stop here. The
current bfs is optimal!



Summary of the Simplex Algorithm
(for a max problem)

1. Convert the LP into the standard form and then obtain the
canonical form

2. Find an initial bfs (if there are m slack variables, use them as
basic variables).
= |f all nonbasic variables have nonnegative coefficients in
row 0, then the current LP is optimal.
= |f there are any variables with a negative coefficient,
then we should pick an entering variable.

#%» Entering variable: choose a variable with the most
negative coefficient in row o to enter the basis.



Summary of the Simplex Algorithm

(for a max problem)

3. For any row in which the entering variable has a positive
coefficient, compute the ratios:

RHS of row i

Coefficient of the entering variable in row i

% The smallest ratio wins (ties may be broken arbitrarily) and the
basic variable of the winning row leaves the basis.

4. Pivot: Transform the tableau so that the new basic variable
(entering variable) has coefficient of 1 in the row of the leaving
variable (pivot row) and coefficient of o in all other rows. In the
end, we get a tableau with a new canonical form.



Summary of the Simplex Algorithm

(for a max problem)

* After the pivoting, note that:

1
new pivot row = old pivot row

( coef f icient of the entering )

variable in the pivot row

coef f icient of the entering

new pivot row
variable in the old row i

new row i = old row i — (

5. Repeat steps 1,2,3, and 4 until all row 0 coefficients

becomes nonnegative. If each nonbasic variable has a
nonnegative coefficient in a canonical form’s row o
(remember that basic variables have coefficient of 0 in
row 0 of a canonical form), then the canonical form is
optimal. We stop here and the current bfs is optimal!



Next Week

* Simplex for Minimization
* Examples

* Alternative optima

* Unboundedness

* Degenerate cases

* BigM Method

* Two-phase method




