IE 400: Principles of Engineering Management
Study Set 2 Solutions

FALL 2022-2023

Question 1.

(a)

3x+y=6

(b) For the given LP, ¢ = (2,1) and since it is a minimization problem the
isocost lines drawn will be perpendicular to the vector —c = (=2, —1)
which is the improving direction. Once the lines are drawn, we observe
that the lines leave the feasible region at the corner point B = [0, —2]
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Hence, B = [0, —2] is the unique optimal solution and the optimal value
becomes 2 x 0+ 1 x (—2) = —2.



Question 2.

Consider LP1 (minimization problem):
The feasible region is drawn above. —¢ = (—c¢;, —¢z) should be in the follow-
ing shaded region for LP1 to be unbounded:

Then c¢ lies in the following shaded region (each vector above is multiplied
by -1 for transforming —c — ¢):
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LP1 has unique optimal solution, if —c is in one of the following three
regions that make points A,B and C unique optimal solution respectively:

e Take ¢ = (1,—1/2). Then, —¢ = (—1,1/2). Then A becomes the
unique solution for LP1.

e Take ¢ = (1,1). Then, —¢ = (—1,—1). This makes B the unique
solution for LP1.

e Take ¢ = (—1,3). Then, —c = (1,—3). Then C becomes the unique
solution for LP1.



X+2y=12

x=0 4x+2y=11,71=36



Question 4.
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Question 5.

a1, T3 basic,
x3, x4 nonbasic (z3 =0, x4 = 0)
Then,

T — a9 = 15

.'1’:1+1L'2:9

Solving this system, we obtain 2 = (12, —3,0,0). This is basic but not
feasible since 1o = —3 < 0.

x1, Ty basic,
T, 24 nonbasic (x5 =0, x4 = 0)
Then,

.'131+3.'I33:15
.'1’31:9

Solving this system, we obtain 2 = (9,0,2,0). This is a basic feasible
solution.

11, T4 basic,
T, 23 nonbasic (x5 =0, x3 =0)

Then,

.'131+5.'I34 =15

$1+$4:9

Solving this system, we obtain x = (15/2,0,0,3/2). This is a basic
feasible solution.



o, 3 basic,
21, x4 nonbasic (z1 =0, x4 = 0)

Then,
— Ty +3r3 =15
Iy = 9

Solving this system, we obtain 2 = (0,9,8,0). This is a basic feasible
solution.

o, x4 basic,
I, x4 nonbasic (z; =0, x5 =0)
Then,

— Ty + 514 =15
.'.!72"’1'4:9

Solving this system, we obtain 2 = (0,5,0,4). This is a basic feasible
solution.

I3, x4 basic,
21, T2 nonbasic (r; =0, x3 = 0)

Then,

3.’133 + 5.L4 =15

I.'4:9

Solving this system, we obtain x = (0,0, —10,9). This is basic but not
feasible since x5 = —10 < 0.



Question 6.

First convert the LP into standard form:

max by + 3rs + T3

st. x4+ ra+ 3+ 5 =0
hry 4 3w 4 G + 5, = 15
r;=20:=1,23
51,8 =0

Z

1 5 3 -1 0 0
510 1 1 3 1 0

05 3 6 0 115

r1 e x3 s sz | RHS
0
6
1:

Sz

xy enters. Apply MRT: min{6/1,15/5}=3 Hence, so leaves.

Z T Tp Ty S Sp RHS
1|11 0 0 5 0 1 15
st |0 0 2/5 9/5 1 -1/5(3
r |0 1 3/55 6/5 0 1/5 |3

Since there i1s no negative row () coefficient, the solution is optimal: =* =
(3,0,0) and 2% = 15.

Since there exists () in row (), there may be alternative optimal sclutions:
Let x5 enter the basis. Apply MRT: min{%, %} = 5. Then x, leaves.
Z I, Tp Ty 8 8o RHS
1 (1 0 0o 5 0 1 15
s |0 -2/3 0 1 1 -1/3|1
|0 5/3 1 2 0 1/3

r* =(0,5,0) and z*=15.
(If #1 enters again, vou turn back to the previous tableau!)



Question 7.

Introduce slack variables s,, s, and s4. Then the LP in the standard form
becomes:

max 2x; + 2 + 63 — 41y

st. 1 +2r2 4+ 4dry —x44+ 5 =6
2+ 3 — T3+ T+ 520 =12
T+ T34+ T4+ 53 =10
r>0:1=1,23456.7

Now construct the simplex tableau for initial basis s, 52 and s3. Now
we will add the required variables to basis one by one. (Be careful! The
tollowing are not Simplex iterations to find the optimal solution!)

£ Iy Tz T3 T4 S sz s3 | RHS
1|1 -2 -1 -6 4 0o 0 010
s2(0 1 2 4 -1 1 0 016
sp |0 2 3 -1 1 0o 1 012
s |0 1 0 1 1 0 0 116

Let xy enter and s; leave.

%z T} Tz T3 T4 S Sz sy | RHS
111 0 3 2 2 2 0 012
|0 1 2 4 -1 1 0 0|6
s O 0O -1 9 3 -2 1 010
s |00 2 3 2 -1 0 1|0

Let x5 enter and s; leave.
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% T, Ts Ty T, & S» Sy | RHS
1 (1 0 0 -2 11 -4 3 0 |12
|0 1 0 -14 5 -3 2 0|6
|0 0 1 9 -3 2 -1 010
s |0 0 0 15 -4 3 -2 110
Let r; enter and sq leave.
£ Tp Tg Iy Ty S Sa Sq RHS
1 |1 0 0 654 0 17/4 -5/2 11/4(12
o |01 0 19/4 0 3/4 -1/2 5/4 |6
w0 0 1 -9/4 0 -1/4 1/2 -3/410
[0 0 0 -15/4 1 -3/4 1/2 -1/4 1|0

The Simplex tableau is constructed for basis x;, r2 and x,. This tableau
is not optimal because there is a negative coefficient in row zero. Hence, s;

enters.

To find the variable that leaves the basis, apply MRT: min{0,0} = 0

Hence, x3 (or z4) leaves.
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Question 8.
The LP in the standard form:

max 10z + 89 — 3xg + 324
s.t. 2oy +4xy — 0523 + 0524 + 5, =3
— 211 +6x0 — 4513 +45ry+ 50 =T
Ty, Ty, T3, Ty, 81,8 =0

z|r 10 r3 x4 s s | RHS
z | 1]-10 -8 3 30 010
511012 4 05 05 1 0|3
s |02 6 45 45 0 1|7

1 enters, s; leaves.

Z| T T T3 T4 sy so | RHS
z [1]0 12 05 -05 5 0|15
|01 2 -025 025 05 0 |3/2
sy |00 10 -5 5 1 1 ]10

x4 enters, sy leaves,

Z|ry Ty Ty Ty Sy S RHS
z |1 13 0 0 51 0.1 16
|01 15 0 0 045 -0.05|1
g |00 2 -1 1 02 02 |2

(a) Yes, it is a basic solution. Any tableu solution in proper form will be
basic, since it corresponds to a basis B.

(b) Yes, it is a basic feasible solution. All RIS values are nonnegative.

(c) Yes, it is an optimal BFS. All row zero elements are > 0.
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