IE 400: Principles of Engineering Management
Study Set 5 Key

FALL 2022-2023

Question 1.
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Question 2.

(a) The principal of optimality does not apply. See the following counter example:
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Since we are trying to minimize the highest height encountered: Shortest path from
S to E iz 5-U-V-E=10 (OR 5-U-B-V-E =10) but shortest path from U to V is
U-B-V=3, not U-V=5.

V[S] =0

V(i) = {auxfl]l:[:l-t{ max{V[k], cir }}



Question 3.

Activity Predecessors

Duration

1 (Design)

2 (make A)

3 (make B)

4 (make C)

5 (test A)

6 (assembly A&B) 3
7 (attach C) 6,
8 (testing) 7
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Critical path: 1-2-5-6-7-8
Duration: 15

Activity | 1|2 ]3[4 |5]6]|7
Slack [0[0[1[5][0]0]

For the LP define decision variable x;: start time of activity 7, j = 1,..., 10, start, end
MmN Fend

sl T 2 Tear
2 = 2 +5
ry = x +5
Ty 2+ 5
Ty = 19+ 4
T = 2y + 5
rg = oo+ 2
T7 = 16+ 2
I?ZI.1+3
s = 7+ 1
Tpnd = 15+ 1

Tatart =

The tight constraints of the optimal solution for this LP, which hold at equality, will give
you the critical path.



Question 4.

ES: Earliest Start, EF: Earliest Finish, LS: Latest Start, LF: Latest Finish

ES | EF
LS | LF

(a)-(b)
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(¢} Since the slack for cutting the onions and mushrooms s 3, the dinner will be delayed

G-3=3 minutes.

If the cutting time is 2 minutes, slack is 10 (latest finish time) — 2 (task duration)

= 8 minutes. Since the slack time is more than the delay time, it does not delay

the dinner.

(d} Let N be the set of activities and A be the set of arc in the project network.

Parameters:
a; : Duration of activity i, for alli € N
d : Project duration (75)

Decision Variables:

x; : Start time of activity 1, for alli € N



Model:

max E T

iEN

stox; >+ (i.j)e A
Tppa = d
x; = 1) i N
Totart = 0

Question 5.

(a)
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Critical path: A-B-C-Gand A-B-E-F-G
Duration: 26

(b) D can be delayed for 8 days.
() Decision Variables:

x;: start time of activity j

y; number of days duration of activity j is reduced



Parameters:
;1 cost of reduction
T'J': max re(]ut_'tiull

d;: duration of activity
min Zj{r.'jyj}

subject to < r;
T2 wtdy -y Vi g) € A
Tapare= 1)
Teng < 2)
yi= 0 Vi

Question 6.

(a)

Activity

Critical path: A-C-E-G-H



(b) N: set of activities
Decision Variables:
y: start time of activity 1, i € N
Model:

min 3o T

gt.  Tpng =43
Tsgarr = 0
TA = Tstar
T4+ 3
Ty +3
T4+ 3
e+ 15
rp+ 13
rp+ 7
xF + 3
Tg 2 Tp+T
Iy > oo+ 8
Tend = g + 10
n>0¥ie N
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(¢) No, the eritical path does not change. The increase in the path A -B-F-G-H
is 4 + T = 11, which is smaller than the slack of activities B and F.

(d) Additional Decision Variable:
yi: number of days that the duration of activity ¢ is reduced, i € N



Model:
min IOy,.{ + 219’3 + 15.?}0 + 233,'1) + 12;".: + 14!};‘ + 13yﬂ + 2DyH

s.t. Ta > Taare

Te > Ta+3—ya
Ip 2 Ta+3—ya
g 2 rc+ 15— ye
Tp = rp+ 13 -yp
xp > zp+T—yp
rg 2 xp+3—yr

TG = T +7— YE
2 e+ 8 —ye
Tend = Ty + 10 — yy
Tong < 40

ya =1

yp <2

yo <2

yp =1

yg <2

yr = 1

ye =1

yp <3

y; = 0, integer Vie N
r>0%vieN
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Question 7.

Activity Mean Variance
A G 4/36
B 7 196/36
o] 14 256,36
D 4 4/36
E 14.5 169/36

(a)
0 |6
o |6
0 -
0

13 | 20

The eritical path 1z A-C-D.
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(b} Note that

P(18 < t < 26) = P(t < 26) — P(t < 18)

We have, o, = 2.T08

Note that 25 = 'f?_z; = —2.2156

Then, Pt < 18) = F(£ < —2.2156) = 0.013
Fop = 2 — (1,739

2708

P(t < 26) = P(Z < (.739) = 0.770

Henee,

P18 <t < 26) =Pt < 26) — P(t < 18) = 0.757
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Question 8.

max E T
=1

s.t. z“}-:cj < Iy
i=1

n

z dix; < by

=1

x; =0 i=LlL....n

x; + Decision at stage j, j = 1,...,» (amount of type i items taken)
States: iy, Bs (Amount of resources available)
fil . Ra) - Maximum value of the objective function considering stages (items) j, j +

1.....n with available resources &) and R,
So the recursion function is as follows:

iRy Ry} = max {e;z; + fin(Ry — a2, By —dy;)}j = 1....om
7=

djri<Ha
=, 20

Base Case: . (k k) =0 for all k; &,
Optimal Solution Value: f(b,. 5)
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Then, for the LP given in the question;
Base Case: f_i|(4:i” — 21y — Ta, 230 — Ig} =10
Optimal Solution Value: f,(430, 230)

fa(430 — 22, 2300

By 430 — 2ry — 74, 230 — 13
A, (5w + fol430 — 2 — w0 280 — wa)}
Fas M) ]
x3=2l)

1Iax {DI‘;}
rasdil—2ry
ra LX)
xa =0

=min{3(430 — 2x,).5 - 230}
=10z, + 2150 if 100 < xy < 215
1150 if 0< < 100

The minimization in the third equality follows as x» cannot be greater than the mini-
mmn of 430 — 20 and 230,

F1(430,230) = max {2r; + f(430 — 22, 230) }
251430
x =0
2y 4+ 1150 if 0 <y < 100
= max
= | _8e, £2150 i 100 € 1, < 215

=1350

{ You can also graphically verify that = = 100 and =3 = 230. Therefore, f; (430, 230) =

2y + 5as. )
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Question 9.

State: s (Capacity available in the beginning of a year)
Stage: t (Years 1,....7)

Decision: x (Change in the capacity)

fils) o the minimum cost of meeting power requirements from vear t to T having ca-

pacity s in the beginning of year t.

Base Case: fy(=2) =1 for all s = (0.
Optimal Solution Value: f;{10i)
Recursion Function: fi(s) = min, . {aiz) + mels + o) + fio(0.9(s + x)) }

Question 10.

b;: the minimum number of workforce needed for year i

x;: the number of workers in vear i

Salaries: $30000z;

Hiring cost: $10000(x; — |09z, |)*

Firing cost: 5200000 0.9z, | — ;)™

Stages: Yearsi=1,...,5

States: Number of workers in the previons year

filzi—y): minimal cost of maintaining a workforce from year 1 to 5 with workforee (r;_;)

in the previous year

Base Case: fo(xs) =0
Optimal Solution Value: f(20) (Since we started with 20 workers)
Recursion Function:

oy — . ) ) . o e ) .
filziq) = h.sz,sn?:;?b......h.}”FH{I‘) + 30000z; + $10000(x; — |0.92;-1 )" + $20000( | 0.9z, | — )7}
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Question 11.

Stages: Years i=1, 2, 3,4, 5
ft: minimum cost incurred during periods t, t+1, . . . , T, given that at the
beginning of period t, the inventory level is zero.

fe=min(cy; + fryjvr)

Ct]‘ = K + C(dt + dt+1 + + dt—i—j) —|— h[j * dt+j + (] — 1) * dt+j—1 + —|— dt+1]

fe =0

f5 =200+ 180 % 2 + fg

f1=min
f3 = min
fo =min

Produce for period 4

270 4+ 200 * 2 + f5 = 1030«

Produce for periods 4, 5

270 + (200 + 180) * 2+ 180« 1 + fg = 1170

Produce for period 3

180 + 240 % 2 + f4 = 1690x

Produce for periods 3, 4

180 + (240 + 200) * 2 + 200 * 1 + f5 = 1820

Produce for periods 3, 4, 5

180 + (240 + 200 + 180) * 2 + 200 * 1 + 180 * 2 + fs = 1980
Produce for period 2

250 + 220 * 2 + f3 = 2380

Produce for periods 2, 3

250 + (220 + 240) % 2 4+ 240 x 1 + f4 = 2440

Produce for periods 2, 3, 4

250 + (220 4 240 + 200) * 2 4 240 x 1 + 200 * 2 + f5 = 2770
Produce for periods 2, 3, 4, 5

250 + (220 4 240 + 200 + 180) * 2 + 240« 1 4+ 200 2 + 180 * 3 + fg = 3110
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Produce for period 1

200 + 210 * 2 + fo = 3000

Produce for periods 1, 2

200 + (210 4 220) % 2 4+ 220 x 1 + f3 = 2440«

Produce for periods 1, 2, 3

200 + (210 + 220 4 240) * 2 + 220 x 1 4+ 240 % 2 + f4, = 3270

Produce for periods 1, 2, 3, 4

200 + (210 4 220 + 240 + 200) % 2 + 220 * 1 4 240 % 2 + 200 * 3 + f5 = 3800

Produce for periods 1, 2, 3, 4, 5

200 + (210 + 220 4 240 + 200 + 180) * 2 + 220 x 1 4+ 240 % 2 + 200 * 3 + 180 x4 + fs = 4320

f1=min

If we begin with 0 inventory, it’s optimal to produce dy + d2 = 430 units in
period 1. ds = 240 units in period 3, d4y = 200 units in period 4, and d3 = 180
units in period 5.
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