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Abstract. Cainiao proposes a novel business model that consolidates parcels ordered by
the same consumer from one or more merchants during the fulfillment process. The
objective is to increase delivery speed without incurring additional costs for merchants
and consumers. To support this business model, we develop three analytics methods:
(1) a two-phase online optimization algorithm to determine which of a consumer’s par-
cels constitute consolidated parcels and to select the shipping methods for the consoli-
dated parcels that maximize the gains while satisfying the constraints (e.g., the 10-day
on-time delivery rate of all consumer parcels created within a specified time should
reach a target value), (2) a statistical method to calculate delivery time distributions to
obtain on-time delivery rates within different days, and (3) a simulation-based optimiza-
tion method to guide managers in setting appropriate target values for the constraints.
In addition, we prove that the expected optimality gap and constraint violation of the
online optimization algorithm have sublinear bounds, and we validate its effectiveness
and robustness by testing instances generated from real-world data. Since 2020, Cainiao
has utilized the system to consolidate numerous parcels shipped from China to more
than 50 countries and regions, thus saving tens of millions of dollars annually and
reducing delivery time by at least 50%.

History: This paper has been accepted for the INFORMS Journal on Applied Analytics Special Issue—

2023 Daniel H. Wagner Prize for Excellence in the Practice of Advanced Analytics and Opera-

tions Research.

Funding: B. Yuan was supported by the National Natural Science Foundation of China [Grant
72301170] and the Startup Fund for Young Faculty at SJTU (Shanghai Jiao Tong University) [Grant

23X010502006].

Keywords:

cross-border logistics » shipment consolidation « online optimization

Introduction
Cainiao Network, which we refer to as Cainiao in the
remainder of the paper, was founded in 2013 and is a
global logistics industrial Internet company and the
logistics arm of Alibaba Group. Cainiao; FedEx and
UPS both based in the United States; and Germany-
based DHL constitute the four major global players in
cross-border logistics. Cainiao’s cross-border parcel
network covers more than 200 cities in China, and the
company has established more than 50 collection
warehouses in major cities, serving more than 220
countries and regions. To date, its average daily cross-
border parcel volume has reached 4.5 million. Because
of its fast and reliable logistics services, Cainiao, which
offers various shipping methods with varying delivery
costs and times, has been selected as one of the logis-
tics providers for AliExpress, Alibaba’s cross-border
e-commerce platform.

Shipping and delivery are important aspects of the
shopping experience and may impact the willingness

417

of consumers to purchase goods from merchants in
other countries. The results of a global survey by solu-
tion provider ESW confirm this point, with 27% of the
participants selecting long shipping times and high
shipping costs as the main reasons they avoid cross-
border purchases (Gillai and Lee 2023). To achieve the
goal of fulfilling consumer orders in a cost-effective
manner, Cainiao is continuously improving its parcel
fulfillment process. In 2020, it proposed a novel busi-
ness model, which during transportation consolidates
the parcels ordered by the same consumer from one or
more merchants. The objective is to increase the deliv-
ery speed without incurring extra costs for merchants
and consumers.

To understand the benefits of parcel consolidation
during fulfillment, we present a hypothetical example
in Tables 1 and 2. The values in the tables are for illus-
trative purposes and do not reflect actual data. Table 1
shows three parcels ordered by a consumer from three
merchants with their creation times, shipping methods,
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Table 1. Details of Three Parcels Ordered by One Consumer

Parcel code Merchant code Creation time Shipping method Weight (g)
LP0001 M1 2023-03-20 13:40:20 Economy 100
LP0002 M2 2023-03-21 12:20:19 Economy 200
LP0003 M3 2023-03-22 10:30:19 Economy 150

and weights. Table 2 lists the delivery fees and times of
the shipping methods, where the first weight fee is the
price for the first 100 grams, and the additional weight
fee is the price for each additional gram. For example,
the delivery fee of Parcel LP0003 using the economy
shipping method is 20+ (150 — 100) * 0.12 = 26.0 CNY
(CNY represents Chinese Yuan where 7.14 CNY equal
approximately 1 USD). Without consolidation, the con-
sumer receives all three parcels with a delivery time of
23 days and a fee of 78.0 CNY. However, if the first par-
cel (LP0001) waits for the last two parcels (LP0002 and
LP0003) and is shipped with them using the standard
shipping method, the consumer receives all three par-
cels with a delivery time of 13days and a fee of 77.5
CNY. Therefore, with consolidation, Cainiao earns 0.5
CNY (the consumer or the merchant pays Cainiao 78.0
CNY, whereas Cainiao should only charge 77.5 CNY
after consolidation), and the consumer receives all par-
cels 10 (23 — 13) days earlier than expected. In addition,
the increased delivery speed without additional costs
helps merchants on the e-commerce platform attract
more consumers (Salari et al. 2022) and enhances the
competitiveness of the platform. Not all parcel consoli-
dations can earn money and increase delivery speed.
For example, if the previous three parcels are combined
and shipped using the economy shipping method, then
that earns 16.0 CNY for Cainiao but delays the delivery
time of the first two parcels. Therefore, if consolidation
gains and losses are well balanced, Cainiao, the plat-
form, merchants, and consumers can all benefit from
this new business model.

Considering the operational costs and times, Cainiao
built warehouses in China for parcel consolidation.
After receiving the order, the company delivers the cor-
responding parcel from the merchant to the consumer,
as Figure 1 shows. The figure shows that the parcel is
collected and transported to the collection warehouse,
the predefined sorting center, the consolidation ware-
house if necessary, the origin Customs, and the origin
port, thus completing the delivery in China. Once the

parcel arrives at the destination port, it is transported to
Customs at the destination, the sorting center, the
delivery station, and the consumer.

After the consumer pays for the order, the merchant
prepares the goods and creates a package. Meanwhile,
the decision support system monitoring the process
searches for all other parcels to be shipped to the same
consumer. According to the consolidation rules set
by Cainiao’s managers, the system then determines
whether these parcels can be combined into one or more
consolidated delivery groups, each of which is deter-
mined by the consolidation decision algorithm. The par-
cels in one consolidated decision group are referred to
as associated parcels. A consolidated delivery group
always refers to a group of packages (two or more) to be
shipped to one consumer and that satisfies the business
delivery rules. A consolidation decision of one original
parcel is marked as final (i.e., the decision cannot be
changed) by the system if the parcel or one of its associ-
ated parcels (if one exists) has reached the latest prede-
fined time to be shipped; otherwise, the parcel decision
may be updated by the system when a new parcel for
the same consumer arrives. In addition, once the deci-
sion has been marked as final, all associated parcels are
updated as final (i.e., they cannot be considered for con-
solidation any longer even if a new parcel for that cus-
tomer arrives). Thus, one parcel may be involved in
multiple decisions until it is marked as final. Figure 2
shows that when a parcel arrives at the collection ware-
house, it is sent to the consolidation warehouse if it was
included in a consolidated delivery group in the last
involved decision; otherwise, it follows the subsequent
fulfillment process without consolidation. If all parcels
in one consolidated delivery group have arrived at the
consolidation warehouse, they are packaged into a large
parcel and sent from the warehouse for fulfillment; oth-
erwise, the parcels are stored in a cell at the consolida-
tion warehouse, as Figure 3 shows.

The objective of the optimization problem in the con-
solidation decision process is to determine which of

Table 2. Delivery Fees and Times of Standard and Economy Shipping Methods

First weight fee

Additional weight Delivery time

Shipping method (CNY) fee (CNY/g) (days)
Standard 25 0.15 10
Economy 20 0.12 20
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Figure 1. (Color online) Parcel Fulfillment Process

China Other Countries
Consolidation
Warehouse
A
Collection Sorting QOrigin Origin Destination Destination Sorting Delivery
Merchant: |8 Warehouse I Center " Customs " Port Port ] Customs N Center ] Station j Consumer

each consumer’s parcels can be included in a consoli-
dated delivery group and the shipping method that
will provide the maximum benefit while meeting the
delivery time constraints. The constraints in the prob-
lem focus not on each parcel but on a set of parcels. For
example, the on-time delivery (OTD) rate within a
given number of days (e.g., 10) should exceed a target
value (e.g., 0.5), where the OTD rate refers to the ratio
of the number of parcels delivered to consumers within
the predefined days to the total number of parcels cre-
ated in the given time. Obviously, when we decide on
whether a parcel should be included in a consolidated
delivery group, we only know the information of the
parcels created before the current parcel instead of the

Figure 2. Simplified Consolidation Process

global information of all parcels created within the con-
sidered horizon (e.g., 30 days), which makes building a
mathematical model to solve the problem impossible.
Therefore, solving such an online optimization prob-
lem with multiple decisions for a parcel, a problem that
has not been investigated in the literature, is our main
challenge in implementing our business model.

Given the business benefits of the parcel consolidation
model and the challenges in building a solution approach
to support it, our contributions are as follows:

e From a methodological point of view, we proposed
a two-phase online optimization algorithm to effectively
solve Cainiao’s parcel consolidation problem. Unlike
other approaches in the literature that address shipment

Consumer places and pays for an order

]

Create a parcel and generate consolidated delivery groups
consisting of other orders placed by the same consumer

s the parcel included in the
consolidated delivery group before
it arrives at the collection
warehouse

Send the parcel to the consolidation warehouse

Have all parcels in the
consolidated delivery group
arrived at the consolidation
warehouse

Store the parcel in the consolidation
warehouse and check the status of
its associated parcels

Pack the parcels into a large parcel

}

final

Make all parcels involved in the same decision

}

Perform the subsequent fulfillment to consumer

Note. Light gray rectangle indicates the consolidation decision, and the dark gray rectangle indicates that the decision is final.
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Figure 3. (Color online) Cells Used to Store the Waiting
Packages in Consolidation Warehouses

consolidation, the proposed algorithm requires no
knowledge of future parcels. Moreover, we proved that
the expected optimality gap and constraint violation of
the algorithm have sublinear bounds and verified its
effectiveness and robustness by testing instances gener-
ated from real-world data. In addition, we developed
a statistical method and a simulation-based optimiza-
tion method to accurately define the left- and right-
hand-side (LHS and RHS) coefficients of the constraints
for maximizing the benefits of the business model. The
previous three methods work as a unit to address the
challenges that Cainiao faced.

e From an application point of view, we introduced
a new shipment consolidation model used in cross-
border e-commerce logistics, which provides many ben-
efits to Cainiao, e-commerce platforms, merchants, and
consumers. We also demonstrated how to develop and
implement the three analytics methods to support this
model. After implementing the proposed methods in
the decision support system, we consolidated numer-
ous parcels shipped from China to more than 50 coun-
tries and regions, saving tens of millions of dollars
annually and reducing delivery time by at least 50%.
Such a successful implementation can also guide other
companies in solving similar real-world problems.

We organized the rest of the paper as follows. In the
Related Literature section, we review the relevant litera-
ture. In the Solution Approach section, we introduce the
solution framework and its three analytical modules. In
the Implementation and Results section, we present the
implementation of the solution approach and the vali-
dation of the proposed online algorithm. The Conclu-
sion section concludes the paper.

Related Literature

In this section, we review two streams of literature that
are most closely related to our paper: shipment consoli-
dation and online linear programming.

Shipment Consolidation

Shipment consolidation is a widely used logistics strat-
egy to achieve economies of scale in transportation by
combining two or more shipments (or orders) into one
larger shipment, thereby reducing costs (Higginson
and Bookbinder 1995). It can also result in reducing
harmful emissions that affect air quality, such as CO,,
emitted from the exhaust of delivery vehicles (Ulkii
2012). Shipment consolidation, which has been exten-
sively investigated in different scenarios in the litera-
ture (Cetinkaya 2005), can be implemented on its own
(Zhang et al. 2019, Wei et al. 2021, Xu et al. 2023), or in
coordination or integration with some other decisions,
such as lot-sizing (Chan et al. 2002a, b), inventory
replenishment (Chan et al. 2002a, b; Lee et al. 2003),
order fulfillment (Wei et al. 2021), and production plan-
ning (Li et al. 2020). Our problem belongs to the former
implementation. Hence, we review several relevant
papers without involving other decisions to demon-
strate various considerations in shipment consolida-
tion. Zhang et al. (2019) study the order consolidation
problem in the last-mile delivery, deciding whether to
consolidate multiple shipments for the same customer
and how many periods to postpone each shipment
for a set of orders with known information while mini-
mizing the sum of vehicle-dispatching cost, shipping
cost, and inventory cost. The authors develop a three-
phase algorithm to solve the problem and compare it
with the first-in-first-out rule. Wei et al. (2021) study
the shipping consolidation across two warehouses for
e-commerce and omni-channel retailers. In the scenario
of one warehouse with fixed and variable costs, the
authors consider whether it is more economical to
delay the shipments of some orders to consolidate
them with future orders that will arrive with a given
probability and use dynamic programming to study
the optimal policy and its structure for balancing the
fixed cost and the additional cost of expedited ship-
ments. Xu et al. (2023) investigate the shipment consoli-
dation problem in long-haul and short-haul shipping,
determining how to consolidate orders into shipments,
when to send a shipment, and which shipping method
to use for a shipment to deliver a set of orders that were
already placed while minimizing the total shipping
cost and inventory cost. The authors develop the first-
due-first-delivered and no-wait policies to solve the
problem efficiently.

Our problem differs from most previous problems
discussed in the consolidation literature in three ways.
(1) We are the first to consider the delivery service per-
formance of a set of parcels in a dynamic environment
using statistical indicators (i.e., the OTD rate). Unlike
the constraints considered in the existing literature,
where the committed delivery time of each order (or
package) should be met during transportation, in our
constraints, we do not consider whether one package
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meets the delivery time requirement but rather the ratio
of the number of parcels delivered within a predefined
time. (2) Our problem has no knowledge of future par-
cels, whereas studies in the existing literature assume
that the parcels to be merged are known or described
with an arrival distribution. (3) Unlike most transporta-
tion operations in the existing literature, where all
orders are shipped to a warehouse before consolidation
decisions are made, we allow parcels not likely to be
consolidated to skip the step of being shipped to the
consolidation warehouse, which is also one of the deci-
sions involved in our problem.

Online Linear Programming

Our parcel consolidation problem can be formulated as
an underlying online optimization problem with set
partitioning constraints, which is related to the online
linear programming (LP) problem. There is a large
body of literature on the design and analysis of algo-
rithms for the online LP problem. Some of them focus
on the particular forms of the LP problem and design
the algorithms based on special constraint structures,
for example, the secretary problem with the all-one
constraint matrix (Arlotto and Gurvich 2019), the net-
work revenue management problem with the finite
support of random coefficients (Jasin 2015), and the
resource allocation problem with the binary constraint
matrix (Asadpour et al. 2020). Other studies consider
the LP problem in a general form. Kesselheim et al.
(2014) develop a primal-based algorithm to solve online
LP problems. In each step, their algorithm solves a pri-
mal LP problem with revealed requests and a scaled
capacity vector and randomly rounds the optimal LP
solution to obtain an integer solution, which may be
discarded if the constraints are not satisfied. Agrawal
et al. (2014) propose a primal-dual algorithm for the
problem that dynamically updates a threshold price
vector at geometric time intervals and uses the price
vector (i.e., the dual values corresponding to the con-
straints obtained by solving an LP problem formed by
the revealed columns in the previous periods) to deter-
mine the sequential decisions in the current period. Li
and Ye (2021) develop an action-history-dependent
learning algorithm to solve the online LP problem,
which considers the past input data and decisions/
actions to improve the performance of the previous
algorithm. The above algorithms may not be computa-
tionally efficient because they need to solve an LP prob-
lem, which can be prohibitive when the problem size is
large. To deal with this issue, Li et al. (2023) and Bal-
seiro et al. (2020) propose primal-dual algorithms for
the problem, which perform the projected stochastic
subgradient descent or dual mirror descent in the dual
space and determine the primal solution based on the
dual solution in an online manner.

Our problem has the following characteristics that
make existing algorithms no longer applicable to it. (1)
The set partitioning constraints incurred by assigning
parcels into consolidated delivery groups make the
problem more complex than those in the previous stud-
ies. (2) The operation of executing the last decision of
multiple decisions involved in the fulfillment process
of one package invalidates the current dual update pro-
cedure, like Li et al. (2023).

Solution Approach

To support the parcel consolidation model application,
Cainiao needs both an optimization algorithm to make
decisions and the methods to obtain the LHS and RHS
coefficients of the constraints on the delivery perfor-
mance. To meet these requirements, we develop three
analytics modules as follows:

e A two-phase online optimization module makes
consolidation decisions in real time.

o A statistical module computes delivery time distri-
butions to periodically update OTD rates within a
given number of days.

e A simulation-based optimization module identi-
fies the appropriate target values of the constraints.

Figure 4 shows the three-layer relationship between
the three modules and other input data, where the
arrow indicates the information/data flow. The bottom
layer contains consolidation rules (i.e., checking the fea-
sibility of consolidated delivery groups) and delivery
cost evaluation rules (i.e., calculating the delivery cost
of packages using a given shipping method). These
rules are defined by Cainiao’s managers. If one rule
is changed, managers must use the simulation-based
optimization module in the middle layer to find appro-
priate target values of the constraints. The statistical
module is used to periodically update the distributions
associated with the OTD rates. Because the simulation-
based optimization module and the statistical module
are not used in the online decision environment, we
call them offline modules. The top layer is the online
optimization algorithm, which is used to make real-
time decisions. The three methods are described in
detail in the following three sections.

Online Optimization Module
The optimization problem we seek to address is tacitly
described as follows:

We seek to maximize the gains from fulfilling the parcels
arriving in the system over a finite horizon by determining
which parcels destined for the same consumer constitute con-
solidated delivery groups and selecting the shipping methods
for the consolidated delivery groups while satisfying delivery
performance constraints.

Given the difficulty of solving such an online decision
problem, we adopt the online primal-dual algorithm
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Figure 4. (Color online) Framework of Our Solution Approach
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proposed by Li et al. (2023) as the framework of our
algorithm. Li et al. (2023) devise the algorithm to solve a
class of binary integer LP problems with constraint form
1"x < 1, which arise in general resource allocation pro-
blems. Because we need to determine which parcels for
the same consumer constitute consolidated delivery
groups (i.e., to find the optimal partition of the set of par-
cels), our problem cannot be modeled in the form of Li
et al. (2023). Moreover, in the dual update procedure of
Li et al. (2023), the dual value is updated immediately
after the decision is made. However, in our problem, the
decision is made when a new parcel is created but can
be changed before it is marked as final (Figure 2). To
ensure the theoretical sublinear bound of the algorithm,
the dual value should be updated only after the decision
is marked as final. That is, the feedback of decisions has
arbitrary delays in our problem. These factors motivate
us to adapt their algorithm to the characteristics of our
problem.

The online optimization module includes two phases:
(1) generate consolidated delivery group candidates to
formulate set partitioning constraints and (2) select con-
solidated delivery groups and their shipping methods.
Cainiao’s logistics partners always have varying deliv-
ery requirements or rules. For example, the total price of
goods in the parcel cannot exceed a certain value to
avoid the extra tariff, and the sum of the length, width,
and height of the parcel cannot exceed 90 cm. The for-
mer can be easily checked by summing the prices of the
parcels in a consolidated group; for the latter, we have
to invoke the three-dimensional bin packing routine
(Fontaine and Minner 2023) to check the feasibility.
Moreover, for most consumers, the number of packages
to be combined does not exceed five, that is, there are at
most 31 (2° — 1) candidates if the individual parcel is
also viewed as a candidate. Considering the previous

two practical factors and the limited computational
time, we develop an enumeration and filtering heuris-
tic to generate candidates. Specifically, if the number
of packages is not greater than five, we first enumerate
all possible packages and then filter them with user-
defined consolidation rules; otherwise, we sort the
orders according to some criteria (e.g., the creation
time) and then sequentially generate the candidates
for every five packages with a given step size (e.g.,
two). At the end of the enumeration and filtering pro-
cess, we associate the candidates with all possible
shipping methods and calculate the cost difference
(equal to the cost of the individual packages minus
that of the consolidated package, that is, the gain from
consolidation) and the OTD rates within predefined
days (e.g., 10, 20, and 30). Therefore, once a candidate
is selected, its shipping method is also determined. In
the following description, we also consider the indi-
vidual parcels as candidates.

The candidates are regenerated when a new parcel
arrives but become final when the associate decision is
marked as final. Before introducing the second phase,
we construct an offline parcel consolidation problem
by using the candidates generated in the final decision
of each consumer:

max Z Z Ci,hXi,h
Xi,h el heH;
s.t. Z Z(rz’,l,h —Bninx;p =0, Vel
i€T heH; (1)
Yo =1, VieIo0€O;
heH;
xip€{0,1}, VieZ,heH,

where i and 7 are the index and the set of consumers,
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respectively; O; and H; are the sets of parcels and con-
solidated delivery group candidates of consumer i,
respectively. When a decision related to a consumer is
fixed, the consumer should be considered as another
consumer if they create some packages at the same
time, which we do not model explicitly for simplicity of
description. Because a consumer corresponds to a final
decision, i can also be the index of final decisions. The
decision variable x; j, is one if the candidate / is selected
and zero otherwise. Each candidate i € H; has a gain of
c; and the OTD rates within / days, r; 5, | € £ (e.g., {10,
20, 30}). Moreover, parameter «; , , is one if parcel o is
included in the candidate /1 and zero otherwise, f; is the
target value to be reached, at a minimum, for the aver-
age OTD rate in [ days for delivering all parcels, and
n;, denotes the number of parcels in the consolidated
delivery group h. The objective of Problem (1) is to
maximize the total gain from consolidation. The first
constraint guarantees that the average OTD rate within
I days exceeds the predefined rate. The second con-
straint is the set partitioning constraint, which ensures
that each parcel is assigned to exactly one candidate.
Algorithm 1 describes the overall process of solving
Problem (1) in an online manner. In practice, each time
a new parcel is created, the parcel with its associated
parcels will incur a decision. That is, there are repeated
decisions in the online setting, but the offline Problem
(1) is constructed only by the coefficients of final deci-
sions. The set of final decisions in the offline problem is
only a subset of the decisions made in the online man-
ner. Therefore, Algorithm 1 denotes the computation/
decision round with i, not i in Problem (1). The key
idea of Algorithm 1 is to maintain the values of dual
variables, called dual prices. When a computation is trig-
gered, it uses the dual prices to select the consolidated
delivery groups with the highest profits. Specifically,
we define the dual variable, u;, VI€L, correspond-
ing to the first constraint of Problem (1). At the decision
i’, we first find the relevant parcels and generate
the candidate set, which is the first phase, and in the
second phase, we select the proper consolidated deliv-
ery groups by solving Problem (2) in Line 5 of Algo-
rithm 1. In parallel with Lines 3-5, whenever a decision
is fixed, we update the dual prices y; by Line 7 with the
step size 1, the only parameter of the algorithm. We can
prove that under some mild assumptions the expected

optimality gap and constraint violation of Algorithm 1
have a sublinear upper bound. Interested readers can
refer to Appendix A.

Algorithm 1 (Two-Phase Online Parcel Consolidation
Algorithm)
1: Input step size n and initialize dual prices u;, =0,
VieLl

2: fori’=1,...,N’ do
Phase I:

3: Find the parcel set Oy in the status of being
able to be consolidated ordered by the same
consumer as the parcel that triggers the deci-
sion i

4 Generate the candidate set H; from O; and
compute ¢y, Ay, and 1y 1

Phase II:
5: Choose the consolidated delivery groups by
solving
max Z (Ci’,h + Z wy(rie i — ,Bl)nz",h> Xir, i
ih heHy leL
s.t. Z aponXen =1, Yoe Oy,
heHy
X € {0,1}, Yh e Hi.
@)
6: for each decision k fixed during the decisions
i"and i’ +1 do
7 Update dual prices ;<= max{g; + 1) e,
(B — TN, 0}, V1€ L
8: end for
9: end for

Statistical Module

The OTD rates r;;;, are critical inputs of the proposed
problem. To meet the manager’s requirements for set-
ting the OTD rates within different days, we first com-
pute the delivery time distributions between different
pairs of fulfillment states of parcels (e.g., between the
creation and signed states, as Figure 5 shows) using his-
torical data. According to the simplified consolidation
process shown in Figure 1, we define the fulfillment
states of packages and their transition relations in
Figure 5, where each rectangle contains the fulfillment

Figure 5. Package Fulfillment States and Their Transition Relationships
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status and its meaning, and the arrows indicate the pos-
sible next states from the current one. For each online
decision, we update the OTD rates of a parcel based on
spatial and temporal changes in its fulfillment process.

We compute the distribution of delivery times as fol-
lows. First, we sample the parcels for which consumers
signed in the past 30 days. Then, we classify the parcels
according to the attributes of the parcels; examples
include the province and country of the merchants and
consumers, the shipping method, the category, and the
consolidated flag. Let G denote the set of classes of par-
cels and je{1,2,...} denote the jth time interval. For
each class of parcels g € G, we use the hour as the time
unit and calculate the ratio of parcels whose delivery
time between two fulfillment states is in the corre-
sponding interval (j — 1,/] hour to the total number of
parcels. The time intervals and the corresponding ratios
form the discrete distribution P(X =j|s,c), where s € S
is the fulfillment status and ¢ € G is the class of parcels.
The computational process for each status and parcel
class pair is similar to drawing a histogram.

Given the delivery time distribution, we calculate
the OTD rate within [ days of a newly created parcel o
belonging to the parcel class g as (X = jls =
creation, ¢ = ). When the parcel Consumes t, days and
reaches another state s’, we update its OTD rate within
I days as Z] ) P(X jls=s",c=g). For a consoli-
dated dehvery group h containing a set of parcels Oy,
with different spatial and temporal states, its OTD rate
within / days is defined as the average of the rates of
the parcels.

Simulation-Based Optimization Module

Because the parcel consolidation process involves a
stream of decisions, setting reasonable target value ; for
the first constraint of Problem (1) in such a dynamic
environment is difficult for managers, which then affects
the tradeoff between the gain and delivery service qual-
ity. Therefore, we develop a discrete event simulation-
based optimization module to automate this task, which
first evaluates all combinations of predefined possible
target values using the simulation method, and then
generates the best combination according to the objec-
tives and constraint violations. Prior to the simulation,
we prepare the data by first sampling the consumers
who have signed for at least one package in the past
30days and obtaining their corresponding packages
with critical historical fulfillment information. The
elapsed time between two fulfillment states is sampled
from the corresponding delivery time distribution com-
puted in the statistical module.

In the simulation, we use the fixed-time-increment
principle instead of the event-paced principle to simu-
late the passage of time (Cassandras and Lafortune
2007). We do this because a computer cannot load the
events of millions of parcels in its memory. Let s, and £,

be the current status of package o and the time when
reaching the current status, respectively. Let t; and A be
the start time and the time step of the simulation,
respectively. The simulation details are as follows. For
all packages, the values of s, and t, are initialized to the
status of creation and the corresponding actual creation
time, respectively. At the simulation step k, we first
find the packages with s, # signed and ¢+ (k — 1)A
< t, < ts;+kA. Then, for each package sorted by the
ascending order of t,, we update the values of s, and t,
to the next status and the corresponding occurrence
time, as shown in Figure 5. For example, for a parcel o
with s, = creation, the value of s, is set to the status of
collected and ¢, is set to the collected time. If the pack-
age incurs a decision, we invoke the two-phase online
algorithm to generate consolidated delivery groups
using the combination of input target values and then
update s, and ¢, of associated parcels in the decision.
The above iterations are repeated until all parcels are in
the signed status.

Because the simulations for each combination of tar-
get values are independent, we run the simulation
models in parallel with different combinations of target
values to speed up the optimization process. Once all
combinations are simulated, we calculate various per-
formance metrics and provide them to the managers.

Implementation and Results

In this section, we present the details of the implemen-
tation, the performance of the proposed online optimi-
zation algorithm, and the practical benefits that Cainiao
obtained.

Implementation

The decision support system, including the three analyt-
ics modules, is coded mainly in the Java programming
language. Packages with detailed historical fulfillment
information are stored in MaxCompute, a large-scale
data warehousing and processing platform of Alibaba
Cloud. In addition, the delivery time distributions are
periodically computed by MaxCompute and then stored
as key-value pairs in ApsaraDB for Redis, an in-memory
database of Alibaba Cloud, for high-speed reading by
the other two modules. The simulation-based optimi-
zation module does not use the existing commercial
simulation software (e.g., AnyLogic and FlexSim) but
uses Java to implement the fulfillment simulation logic
described in the Simulation-based Optimization Module
section to take full advantage of cloud computing. The
online optimization module is designed as a real-time
distributed system running on Alibaba Cloud to meet
reliable, low-latency, and high-throughput service-level
agreements. The optimization module uses the high-
speed service framework (a microservice framework
used internally by Alibaba Group) as an application
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Table 3. Results of Five Instances Using the Online Algorithm

Brp=0.45 B1o =0.50
Online Offline Online Offline
Instance Gain OTD rate Gain OTD rate Gain OTD rate Gain OTD rate
I1 2.9798 0.4391 3.0221 0.45 2.2463 0.4841 2.3128 0.50
12 2.2158 0.4394 2.2995 0.45 1.7483 0.4874 1.8131 0.50
I3 1.7591 0.4464 1.8210 0.45 1.4041 0.4919 1.4712 0.50
14 1.6859 0.4430 1.7429 0.45 1.5080 0.4877 1.5750 0.50
15 2.2989 0.4423 2.3598 0.45 2.2211 0.4891 2.3079 0.50

Note. The scale of the data in the Gain column, which shows the average gain over all parcels, is obfuscated for confidentiality reasons.

programming interface that receives decision-making
requests from the parcel fulfillment system and re-
sponds within tens of milliseconds with consolidated
delivery groups for the requests to the fulfillment sys-
tem. Meanwhile, the states of the algorithm (i.e., dual
prices) are recorded in ApsaraDB for Redis.

Computational Results

To understand the performance of the two-phase
online optimization algorithm, we perform a set of
experiments by using our simulation module. First, we
generate five instances using the parcels for which con-
sumers signed in March 2022 and destined for five of
the countries using the consolidation business model.
Each instance contains millions of parcels. Then, we
test each instance with two target values for the OTD
rates within 10 days (i.e., 10). For the step size 1 of the
algorithm, in Appendix A, we prove the orders of the
expected optimality gap and constraint violation are
both VAN when the step sizeisn=1/ VAN, where N is
the total number of consumers and d is the average
delay between decisions being made and fixed. Thus,
in the experiments, we adopt ° =1/ VAN as the step
size. Table 3 presents the results of the five instances
solved by Algorithm 1 when the value of f;, (i.e., the
coefficient of the first constraint in Problem (1)) is set to
0.45 and 0.50, respectively. Column “Gain” reports the
average gain over all parcels, which is obfuscated for
confidentiality reasons. Column “OTD rate” shows the
achieved OTD rate within 10days of fulfilling all par-
cels. Columns “Online” and “Offline” denote the result
of our online parcel consolidation algorithm and the
optimal solution of the offline Problem (1) in the Online
Optimization Module section, respectively. The offline
Problem (1) is solved with optimization software. Not-
ing that Problem (1) may be too large to solve, we split
and solve the offline model containing a maximum of
500,000 consumers at each run.

Computational results in Table 3 show that Algo-
rithm 1 tries to satisfy the predetermined OTD rate; the
algorithm obtains the maximum constraint violation
of 0.0159 for the instance I1 with ,;, = 0.50. Moreover,
it obtains a slightly lower OTD rate than the target. In

practice, managers may set f; slightly higher than the
real target, making the result closer to their preferred
outcome. The metrics of the gain and the achieved
OTD rate are contradictory. Taking the instance I5 as
an example, when f,,=0.45 the achieved average
gain is 2.2989; however, when g,, = 0.50, the achieved
average gain is smaller: 2.2211. In conclusion, consid-
ering the unknown information, we believe that the
algorithm can provide competitive solutions to the
online parcel consolidation problem and adopt it as
the algorithmic approach for Cainiao’s decision sup-
port system.

The step size 7 is the only parameter of the online
optimization algorithm (i.e., Algorithm 1). To observe
its impact on the performance of the algorithm, we test
the instance 14 by changing the step size from 0.11" to
5.0n". Table 4 demonstrates the results of the instance
solved by Algorithm 1 with different values of 1. Col-
umns “Gain” and “OTD rate” have the same meaning
as in Table 3. Computational results in Table 4 show
that the step size has little effect on the algorithm per-
formance; that is, the gain and the OTD rate vary less at
different step sizes, which proves its suitability for solv-
ing our problem.

Real-World Benefits

Cainiao implemented and adopted the parcel consoli-
dation system and has used it since 2020. The system
makes 3.8 million consolidation decisions daily for par-
cels delivered from China to more than 50 countries

Table 4. Results of Instance 14 Using Different Step Sizes in
the Online Optimization

P1o = 0-45 P =0.50
Step size Gain OTD rate Gain OTD rate
0.1n" 1.7028 0.4390 1.5200 0.4864
0.5 1.6939 0.4407 1.5155 0.4875
1.0n* 1.6859 0.4430 1.5080 0.4877
5.0n 1.6760 0.4466 1.4991 0.4891

Note. As in Table 3, the scale of the data in the Gain column is
obfuscated for confidentiality reasons.
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and regions, saving tens of millions of dollars annually
and shortening the delivery time by at least 50%. The
substantial cost savings occur because the weight of
most packages does not exceed the maximum allow-
able weight that incurs the additional weight fee and
combining such packages can save the first weight fee,
while the significant reduction in delivery time is due
to the wide variation in promised delivery times for dif-
ferent shipping methods. As a result, upgrading a
package’s shipping method results in a twofold or
greater increase in delivery speed. Taking logistics ser-
vices from China to the United States as an example,
the fastest and slowest shipping methods promised by
Cainiao take 5 to 9 and 12 to 17 days, respectively. In
addition, with the possibility of reducing costs and
increasing delivery efficiency, Cainiao is introducing
more cost-effective logistics services, such as 10-day
delivery at a cost of 5 USD and 20-day delivery at a cost
of 2 USD for selected countries. Also, the e-commerce
platform can cooperate with Cainiao to provide promo-
tional plans, whereby when the number or total price
of goods purchased by a consumer exceeds a given
threshold, the consumer can enjoy faster logistics ser-
vices at no additional cost. Furthermore, combining
parcels also reduces sorting and last-mile delivery
operations in the subsequent fulfillment, which benefits
energy conservation and emission reduction.

Conclusion

We present the three analytics methods for the support
of a new business model of parcel consolidation pro-
posed by Cainiao. The three methods have different
objectives in the decision-making process. The two-
phase online optimization module makes decisions in
near-real time while respecting the delivery perfor-
mance constraints, the statistical module provides the
input data regarding the delivery time distributions for
the other modules, and the simulation-based optimiza-
tion module helps managers to select appropriate tar-
get OTD rates. These three modules are integrated to
achieve a successful real-world application that helps
Cainiao accomplish its business model purposes. In
addition, the proposed framework is being extended
to other organizations and similar business problems
within Alibaba.

Appendix A. Proof for the Bounds of Algorithm 1

To obtain the bound on the expected optimality gap and con-
straint violation of Algorithm 1, we first transform the offline
parcel consolidation problem and the online parcel consolida-
tion algorithm into an allocation problem and an online allo-
cation algorithm with arbitrary delays, respectively, which
we show in Proposition A.1. We then prove in Theorem A.1
that the expected optimality gap (also called regret) and con-
straint violation of the equivalent online allocation algorithm
are both on the order of \/’E—N, where N is the total number of

requests (consumers in our setting) and d is the average
of delays. Finally, by combining Proposition A.1 with Theo-
rem A.1, we obtain the theoretical bounds of Algorithm 1 in
Theorem A.2.

A.1. Problem Reformulation
First, we rewrite Problem (1) into the following compact
form:

N

max E ¢ x;
%

i=1

N
s.t. Z(RZ‘Xf —p) <0 A1
i=1

Bixi=1, x; € {0, 1}/, vi=1,...,N,

where ¢; = (¢i1,. .., Ci |1y )T is the vector of the gain of all con-
solidated delivery groups of consumer i, x; = (x; 1,. .., X; |7, )"
is the decision vector, and N = |Z| is the total number of con-
sumers. Z,I-\il(R,-x,- —p) <0 is the compact matrix form of
> ier2oner, (Tin — Bninxin 20, VI€ L, where the entry in
the Ith row and hth column of R; is (8, — 7;,1,)1; 5. p is a con-
stant vector, which is equal to 0 in our case, but for more gen-
erality we keep p and all theoretical analyzes are valid for
nonzero p. B;x; =1 is the compact matrix form of constraints
ZheHiai,g,hxl‘,h =1, Yoe O,

Algorithm A.1 (Another Form of Online Parcel Consolida-
tion Algorithm 1)

1: Input n and initialize z; =0and 7=1

2: fori=1,...,Ndo

3t Setm; =2z
4:  Compute x;=arg supxi{cfx,- — 1 Rix;|Bixi =1,x; €
{0’1}|H:‘\}

5:  Receive {Ryxy |k € F;}
6: forke F;do
7: Compute z741 = max{z; — 1(p — Rkxx), 0}
> max{} is the elementwise maximum operator
8: Sett—1+1
9: end for
10: end for

Next, by using the previous compact form, Algorithm 1
can be rewritten as Algorithm A.1. In Algorithm A.1, Phase I
is omitted because it can be seen as part of the input of the
algorithm, p, is the dual vector used at round 7, and z, is used
to record the update process of the dual vector. Algorithm
A.1 shows that at each round i we first compute the solution
x; of the ith request (c;, R, B;). Then we find a set of delayed
gradients F; (which can be empty), where F; = {k € Z" |k + dj
=i} is the set of indices of gradients received during the
rounds i and i+ 1 and dy is the arbitrary delay of the request k.
After receiving F;, for each request k € F;, we update the
dual vector z; and set T «<— 7+ 1. The repeated decisions are
omitted in the previous algorithm because they do not affect
the final decision or the dual value z,. The indicesi=1,...,N
represent the requests that generate final decisions. More-
over, in practice, the order of requests in F; is the order in
which the consolidation decisions are fixed, whereas in the
theoretical analysis, the order does not matter and can be
arbitrary. Note that 7; can be empty in some rounds but
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contain several elements in other rounds. Furthermore, if F;
not received by round N are taken into account, the range of 7
in Line 7 coincides with that of i, which spans from 1 to N.

In the following, we will convert Problem (A.1) into an allo-
cation problem and Algorithm A.1 into an online allocation
algorithm, which can be found in Algorithm A.2. Assume that
the feasible pomts of the set partitioning constraints Bx; =1,
x;€{0, 111" are x(l) (2) xf]’) ; then we have

. Bxi=1 i xi=( o (2)/ “/xz(‘]i)>yi
. dx )
| x; € {0,137 !

17y, =1, y,€{0,1}\
where y, is an J-dimensional one-hot vector and its bth
dimension equal to one means that x ) is chosen as the solu-
tion x;. By substituting Formula (A. 2) into Problem (A.1) and
subtracting x;, Problem (A.1) is equivalent to

(A2)

Yi

max Z) Y;
i=1

N
s.t. Z(Aiyi -p) <0 (A3)
i=1

17y, =1, y,€{01Y, Vi=1,...,N,

where v; = X/ ¢;, A; = RiX;, and X; = (x(l) (2), .. .,xf./’)). Prob-
lem (A.3) is an allocation problem and Algorithm A.1 is con-
verted into Algorithm A.2, which is called the delayed online
allocation algorithm in this paper. For the convenience of the-
oretical analysis, we record w, = k in Algorithm A.2.

Algorithm A.2 (Delayed Online Allocation Algorithm)
1: Input 1 and initialize z; =0and 7=1
2: fori=1,...,Ndo
3: Setm; =2z,
4:  Compute Ay, and vy, where y; = arg sup,-
{-m Ay +o/y}
5. Receive {Axy, |k € Fi}
6: forke F;do
7 Compute z.,1 = max{z: — n(p — Axy,), 0}
> max{} is the elementwise maximum operator

y=1,y>0

8: Sett < 1+ 1 and record w, =k
9:  end for
10: end for

We note that X; is unknown, but this does not matter. We
only need to generate A;y; and v] y, for theoretical analysis,
both of which are available by using A;y; = Rix; and vy, =

T
C; X;.

Based on the previous discussion, we develop the follow-

ing proposition.

Proposition A.1. Forany {ci,Ri,B,-}ﬁl, Algorithms A.1and A.2
have the same optimality gap and constraint violation, that is,

N N
Q - Zc?x,v =Q - Zv?yi, (A.4)
i1 i=1

N + N +
(zmixfm) _ (zmly,p)) N
i=1 i=1

where {x;YY, and {y,}\, are computed by Algorithms A.1 and
A2, respectively, Q" is the optzmal objective value of Problems
(A.1) and (A.3), and {v; A; }1 1 18 genemted{mm {cl R B; } b
using v; = Xj ¢;, A; = RiX; and X; =

A.2. Delayed Online Allocation
Consider the following linear relaxation of Problem (A.3):

N
.
max E v, Y,
Yi =3

N A.
s.t. Z(A,-yi —p) <0 (4.6)
=1

1'y;=1,y,20, Vi=1,...,N.

Similar to the previous work (Balseiro et al. 2020, Li et al.
2023), we consider the following boundedness and i.i.d.
assumptions. For convenience, we make the assumptions
directly on Problem (A.6) instead of the original Problem
(A1).

Assumption A.1. We assume that

(@) There exist upper bounds of the coefficients such that
[vill < Fand||Allle <@, Vi=1,...,N;

(b) The average of delays d = NZ, 1 d; is finite;

(c) There exists an upper bound of p such that ||p|l, < p;

(d) (v, Aj)s arei.id. sampled from an unknown distribution P;

(e) Problem (A.3) is feasible. (Thus, Problem (A.6) is also
feasible.)

In the sections that follow, we will present the theoretical
analysis of the delayed online allocation algorithm, which
shows that its expected optimality gap and constraint viola-
tion are both on the order of VAN.

A.2.1. Preliminaries for the Dual Problem. Let u; be an
approximation of the dual vector associated with Constraint
Zﬁl(A,-y, —p) <0 in Problem (A.6). Considering the dual
counterpart of Problem (A.6):

N
min» ¢,(), (A7)
B a

where ¢,(p) = SUPy7 - y>0{ Ay +9 y}+p" pandits gra—
dient V¢,(m) is p— Ayl, where y,; =arg Supyr,_ 1y>0{ pr’
Ay +v/y}.
Moreover, we define the expectation form of Problem
(A.7):

min Ep[, ()] (A8)
>

The optimal solutions of Problems (A.7) and (A.8) are denoted
by jr and p*, respectively. From these definitions, obviously,
the following two inequalities hold.

Ep[¢p,(1n)] < Ep[p,(m)], Y = 0 independent of (v;, A;).
(A9)

N N
Z(pl(ﬁ') < Z(Pl(p’*)/ V{vi/Ai}/ i= 1/ .- '/N' (Alo)
i=1 i=1
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A.2.2. Boundedness of the Dual Vector. Before deriving
the bounds of optimality gap and constraint violation, we
need to prove that the dual vector zy, is bounded in expecta-
tion, that is, Proposition A.2.

Remark 1. In Algorithm A.2. there could exist some gradi-
ents that arrive after round N. Although these gradients are
not actually used, they are useful to facilitate our analysis. In
the analysis, we virtually let Algorithm A.2 continue to per-
form Lines 5-9 at additional rounds i=N+1,...,N+d —1
without considering new requests (c;, R;, B;) that occurs at
these rounds. That is, all gradients are used and the sequence
{z. )™} is generated.

Proposition A.2. Under Assumption A.1, zn.1 generated by
Algorithm A.2 is bounded in expectation:
Eplllznet — wIB] < || + m(p +a)°N(2d +1).

Here p* is the optimal solution of Problem (A.8), m is the dimension
of N (Asy, — p) < Oand 1) is the step size. p, @, and d are defined
in Assumption A.1.

Proof. Our proof starts with Equation (A.9). Recalling that w;
is computed before the ith request (v;, A;) arrives, (v;,A;) is
independent of u;. Thus, it holds that

Eplg, ()] —Epl(m)] <0, Vi=1,..,N.  (All)

Next, we have

z

< Ep

D (@) — b))
i=1

z

< Ep

> Vo) (i — u*)]
i=1

z

=Ep

> Ve, (o) (o, — 1)
=1

N
=Ep | Vo, () (zc — W)
=1

+Ep

N
Z:V(i)wT (”wT )T (”wT - ZT):|
=1

< Ep

N
> Vo, () (2 — 1)
=1

N
+Ep [Z‘/ﬁ(ﬁ +a)llpy, — zfllz} , (A.12)
=1

where the first inequality is due to the convexity of ¢,(-), the
first equality is because wy, ..., wy is a permutation of 1, ..., N,
the last inequality comes from V‘Pw,(”wT) =p—AuY, and
Assumption A.1, and m is the dimension of p.

Next, we proceed to give the upper bounds of the two
terms in the right-hand side of Formula (A.12). The following
derivation is inspired by Wan et al. (2023).

For the first term in the right-hand side of Formula (A.12),
we have

N N
ZV(PZUT(”'WI)T(ZT - M‘*) = Z(p - AIUTwa)T(ZT - M’*)
=1 =1

N
= Z n(’](p - AwTwa) + M* - ”*)T(ZT - M*)
=1

N 1

= %(n llp = Auw I+ llz = w3
=1

—llze = 1(p — Aw,y,) — w13

N

1 2 |2 (12

Zz— TP = Aw Yy llz + Iz = 0l = [z — w'Il5)
=1

Nm(p+a)? 1, . i
< PP b (el — laves — 1)) (A13)
2 2n

where the second equahty isbecause (@ — b)(c — b) = 2 L((a—b)*
+(c—b)* = (c —a)?), the first inequality is due to u* >0 and
Line 7 in Algorithm A.2 z.,; = max{z; — n(p — Axy,),0} and
k =w,, and the last inequality is due to Assumption A.1 and
zZ1 = 0.

For the second term in the right-hand side of Formula
(A.12), we derive

N N
Z”"’wI - ZT“Z = Z”zprzirl’l AT ZT”Z
=1 =1

N 7—1
<> X

=1 T/=1+Z;U:Yl 1 | Fs|

=1 A

< r]\/—(p+a)Z(”(1WTZ|.7: |>

iz — zeaally

In(p — Aw, y,,)ll2

N -1
= q\/m(ﬁ+ﬁ)z <T -1- Zlfs|)
=1 s=1

N
< Vm(p +a)) _d; = nVm(p +a)Nd, (A.14)
i=1

where the first equality is because z has been updated
S% | F5| times at the beginning of period w., the second
inequality is from the Line 7 in Algorithm A.2, the third
inequality comes from Assumption A.l1, and the second
equality is because w;,...,wy is a permutation of 1,...,N.
The last inequality is because the deﬁmtlon Fs= {keZ+|
k +dy, = s}. More clearly, 1 —1— Y7 | F;| counts the num-
ber of Ay, that have not been received at the start of round t
and each A;y; will only be counted as not received at most d;
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times; therefore, S (1 —1— 1! [ Fo) < ZZ 1d;. The last
equality is from the definition of the averaged.

By substituting Formulas (A.13) and (A.14) into (A.12), we
derive

0 <Ep —¢,(n))

< Ep

N N
Z(‘P[(I‘-i) quji(""i)T(”i - )
i=1 i=1

< 5 W18 = Ellzver = wIED) + o+ 7N (7 +3).
(A.15)
Finally, by moving ||zn+1 — p*|| term to the left side, we obtain
Epllzn — skl < Il +nPm(p +aN@d +1).  (A16)
This concludes the proof. O

A.2.3. Regret and Constraint Violation. Benefiting from
the analysis of the boundedness of the dual vector zy.1, we
can easily obtain the bounds for the expected optimality gap
and constraint violation.

Theorem A.1. Under Assumption A.l, if n=1/VdN, the
expected optimality gap and constraint violation of Algorithm A.2
are O(VdN), that is,

_ XN:viTyi] <Ep [ivfy: - ivfyi < O(ﬁﬁ),
P =1 i=1

N +
(Z(Aiyi - P))
i=1

where Q" is the optimal objective value of Problem (A.3), {y,}\, is
the output of Algorithm A2, ()" denotes the positive part function,
and {y?}Y, is the optimal solution of Problem (A.6).

j

o(Van),

Proof. For the expected constraint violation, we have
N + N +
(Z(Az'y,- - p)) ] =Ep (Z(AwTwa - p))
i=1 2 =1
(Z(ZT+1 - ZT)>

Ep

] _EP[”ZNH”z]

< N ] + %m(ﬁ +a)’NQd +1) + ||u*||z> VN
= O(VdN), (A.17)

where the first inequality comes from Line 7 in Algorithm
A2, the first equality is because wy, . .., wy is a permutation of
.,N, the second equality is due to z; =0, and the last
inequality is from Proposition A.2and 1 =1/ VdN.
For the optimality gap, obviously, Ep[Q" — >N, o7 y;] <

Ep[YoiL 07 y; — iy 0] y;] holds. Then, for Ep[3>% o] y; —

SN o7y,] we have

N N
Sulvi - Yoilu <=
i=1 i=1

Ep

N N
zwmzv:yi}
i=1 i=1

<Ep

N N
> om) =D oy,
i=1 i=1
N N N N
=Ep |:Z¢1(M’*) - Z(f)i(’*i) +Ep [Z(Pi(p'i) - Zv;ryi:|
i=1 i=1 i=1 i=1
N N
S om) = o7 yl} , (A.18)
i=1 i=1

where the first equality is due to the strong duality of Prob-
lem (A.6), the first inequality is from Formula (A.10), and the
second inequality comes from Formula (A.9).

Next, by substituting ¢,(n;) = —pf Ay, + 0]y, + p" m;, the
right-hand side of Formula (A.18) becomes

N N
B [qu(u»—zv:yi
i=1 i=1

Then, by performing a similar reformulation to (A.12), we
derive

Ep [Z(P 1]/1 M

< Ep

N
> p-Ay) |- (A19)

i=1

=Ep

N
=Ep Z(P - Iélewa)Tl-"wI

=1

N
Z(p - IawT wa )TZT

=1

=Ep

+Ep

N
> - Auy,) (e, — zf)}

=1

< Ep

N
Z(p - AwTwa )TZT:|

=1

+\m(p +a)Ep

N
> g, — zTnz] : (A.20)
=1

To bound the first term in the right-hand side of Formula
(A.20), we use the dual update formula in Line 7 in Algorithm
A.2 again. From the update formula, we know

lzesally < llzellz + 7lle — Aw v, 2 = 201(p = Aw,y,, ) 20
< llzlly + Pm(p +3)* —20(p — Ay, ) 2.
By moving the cross-term to the right-hand side, we obtain

N - 1 N
D= Auy) 2| < 503 izl —llzcall)
=1

=1

Ep

+ % P +a) < @ (@ +a)> (A21)

Finally, by substituting Formulas (A.14), (A.20), (A.21), and
the step size n=1/VdN into (A.19), and substituting (A.19)
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into Formula (A.18), we obtain the desired result:
N N
N
oy — ) vy, < "™ pra)
i3 ol <
+m(p+a)*VdN = O(VdN). (A.22)

This completes the proof. [

Ep

A.3. Theoretical Bounds of Algorithm 1

Proposition A.1 state that Algorithms A.1 and A.2 have the
same optimality gap and constraint violation, and Theorem
A.1 prove that the regret and the expected constraint viola-
tion of Algorithm A.2 are O(\/ﬁ]). By combining Proposition
A.1 with Theorem A.1, we get the following Theorem A.2.
For ease of description, we still use the symbols in the com-
pact form (A.1) instead of the original Problem (1).

Theorem A.2. Under Assumption A.l, if n=1/VdN, the
expected optimality gap and constraint violation of Algorithm 1 are
O(VdN), that is,

N
]Ep |:Q* — ZciTxi
i=1
N +
Ep [ (Z(fof - P))
i=1 2

where Q" is the optimal objective value of the offline Problem (A.1)
(the compact form of Problem (1)), and {x;}., is the output of Algo-
rithm A.1 (i.e., the final decisions in Algorithm 1), (-)* denotes the
positive part function.

< O(VaN),

< O(VaN),
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